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CHAPTER I. 
FUNCTIONS OF ONE VARIABLE. — 


A. GRAPHICAL METHODS. 


Example I. ABCD is a rectangle such that AB=4’, 
BC =8"; P, Q are points on BC, CD, such that 


CQ'=2BP =z inches. 


Fie. 1. 


Express the area of APQD in terms of x. Represent this 
‘function graphically : and find from the graph the length of 
CQ when the area of APQD is 24 sq. inches. 

Check the result by algebra. 


(i) The area of ABCD =4 x 8= 382 sq. inches. 
CO BE =a 205 UPC = 8 — 27 : 
*, area of triangle ABP=3x 4 x 2u=4a sq~ inches, 
area of triangle PCQ =43(8 — 2x) x x=x(4—) sq. inches ; 
.. area of APQD = 32 — 4x —x7(4—-2) 
| = 32-447 —47+2? 
=32-—8xr+2? sq. inches. Answer, 


D.W.C. rt 


[CHAP. 


CALCULUS 


(ii) To represent x* — 8% +32 by a graph. 


Since CQ does not exceed CD, «x is not greater than 4. 


Construct a table of values for x from 0 to 4. 


2 


16 


17 


20 


25 


Plotting these, we obtain the required graph. 


(iii) From the 


graph we see that the function equals 24 if 


1-143 


C= 


1-17” when the area of APQD is 24 sq. in. 
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(iv) To solve by algebra, we take the equation 


=24: 
0; 


a? — 8x +32 
*, w©*-—827+8 
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. . 84V64—32 844/382 
» Ties 2 = Os RS 


_8+5:657_13-657 | 2-343 
2 2 2 


=6-828 or 1-171. 
The value 6-828 is excluded by geometrical considerations ; 


e =1-171, 


EXERCISE I. a. 


1. Fill in the gaps in the following table, and so construct a 
table of values of the function 4+ 2% —2z? for values of x from 
—2to +4: 


x —2 —1 0 1 2 3 4 
4 4 4 
+ 2x —4 6 
— 2? —4 —9 
4+ 2x7 —2? —4 ; 1 


Draw accurately the graph of this function, and from your 
graph answer the following questions : 


(i) For what values of x does 4+ 2”%-—az?=0 ? 
(ii) Between what values of x is 4+ 2x —z? positive ? 


(iii) What is the maximum value attained by the function 
4 + 27 —2?, and for what value of x does the function 
have its maximum value ? 


(iv) For what values of x does 4+ 27%—az?=147? Solve the 
equation 2(4+ 2% — 2?) =3. 


(v) If 2a —2?= — 2, what is the value of 4+2”—a”?? For 
what values of x does 4+ 2x-—2? have this value ? 
Solve the equation 27 —x?= —2. 


(vi) Solve the equation 4+2”-—a*=-—1 from the graph, 
and solve the equation x?-27%—-5=0 by formula. 
Compare the results, 
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2. Construct a table of values of the function }(2”? + 2a” —3) 
for values of « from —4 to +4 as follows : 


Hy —4|-3] —2] -1] 0 1 2 3 4 
20% 32 8 
22 -—8 4 
moot —3 —3 
2x? + 2a —3 21 9 
2(2x%7+4+2x%-—3) | 4:2 1:8 


Draw accurately the graph of this function, and from your 
graph answer the following questions : 
(i) For what values of x is 277+ 2~%—-3=0? 
(ii) Between what values of x is 2~*+ 2% — 3 negative ? 
(iii) What is the minimum value attained by the function 


3(2x2+ 2% -3), and for what value of x does the 
function have its minimum value ? 


(iv) For what values of x does }(2v7+27%-—3)=17? Solve 
the equation 277+ 27x%—-3=5. 


(v) If 24?+22%=17, what is the value of Qu? + Qe — 3 and 
of 1( 20% + Sar — 3)? For what values of x does 
1(Qx8 + 2x-—3)havethis value? Solve the equation 
2a? + 24 = 7. 


(vi) Solve the equation z?+a=1 from the graph. Check 
your result by solving the equation by the formula. 


38. Draw the graph of the function j,(x°— 4a) for values of x 
from —4to +4, and use it to answer the following questions : 
(i) For what positive value of x is the function a minimum ? 


(ii) What is the maximum value of the function for negative 
values of x ? 


(iii) For what values of x is the function negative ? 
(iv) For what values of x does the function equal 0-2 ? 
(v) Solve the equations : 
(a) 5(v?-4x2)=0-1; (6) w3—4v=1; (c) x?-4x%4+1=0. 
4. Construct a table of values of the function 
2(a8 — 3a? — 4a — 6) 


for values of x from —3 to ma and draw the graph of this 
function. 
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From your graph answer the following questions : 
(i) For what values of x does x73 — 373-427 —-6=0 ? 


(ii) For what range of values of x is x?—3x*-—47-6 
positive ?. 


iii) What is the smallest value of the finetion 
2(x* — 3x? — 4a — 6) 
for positive values of  ? For what positive value 
of x does it have the smallest value ? 


(iv) What is the largest value of the function for negative 
values of x, and for what negative value of x does 
it have its largest value? f 


(v) Solve the equation x? — 3x? — 4a —-6=7 from the graph. 
(vi) Solve the equations: (a) z?—3a”?—427+ 4=0; 
(b) x3 —3a?—-47+4+19=0; 
(c) x? —3x?-—4a%-—-16=0. 
(vii) Solve the equation 2 — 32? — 42 + 12 = 0 from the graph, 
and also by factorising x? — 3x? — 4x + 12. 


5. Draw a graph of the function i for values of « from —2 
to —0°5 and from 0°5 to 3. 


(i) With the same axes, and to the same scale, draw 
the graph of the function 2—z. For what values 


of x are the functions S 


and 2—xz equal? Hence 
solve the equation x? — 277+1=0. 


(ii) Draw the graph of the function x—2 with the same 
] 
—=x7—2. 


axes, and solve the equation 7 


i 


(iii) Draw the graph of the function 2x+1, and solve the 
equation 277(27+1)=1. 
6. Draw praphs of. the functions : and «?-4 with the same 


axes and to the same scale for values of « from -2 to —0°2 and 
0-2 to 3. 

For what values of x are these functions equal ? 

Hence solve the equation x* —- 4v= 1. 


B. REPRESENTATION OF FUNCTIONS. 


If the area of a rectangle is fixed, the lengths of its sides 
cannot be chosen independently of one another ; the choice 
of a length for one side depends upon the length chosen for 
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the other. In other words, “ the length of one side is a known 

function of the length of the other, when the area is given.” 
For example, if the area is 36 sq. inches, and if one side is 

of length x inches, then the other side must be of length 


20 inches. 
x 


Example II. Sketch the graph of the function oe 


An accurate drawing is not required and it is not necessary to 
make a table of values. All that is necessary is to note a few 
important features of the function as follows : 


(i) If x is positive, oki is positive ; 
NS leas ; 36 . : 
if x is negative, ips negative. 


(ii) If x is large and positive, as is small, and by making 


x sufficiently large, we can make Be as small as we 
please. ¥ 


In symbols, when 7>o, eat +0, which reads in 
words ‘‘ when x tends to or approaches infinity, 


= tends te or approaches zero.” 


(iii) If x is small and positive, A} 5 is large and positive 
Ee ire 0-10 abril 


In symbols, when x> + 0, =>. i100, 
: 36 ; 
(iv) When «x actually=0, = has no meaning. 


(v) For a negative value of x, the value of oe is equal in 
magnitude but opposite in sign to its value for the 
corresponding positive value of 2. 

In particular, when x> — 0, a i 00s 


and when z> -0, cree) 


1] FUNCTIONS OF ONE VARIABLE 7 


The rough shape of the graph can now be sketched (see Fig. 3). 
Sal 


Fia. 3. 
The graph is also said to correspond to the equation 


36 
Ym OFF ye 36. 


EXERCISE I. b. 


[In the following examples, squared paper should not be 
used. ] 
1, Explain in words how the value of the function (x —1)(x— 3) 
varies aS x varies from | to 3. 


For what values of x does the function =0 ? 
For what range of values of x is the function positive ? 


2. Can you find a value of x for which the function x?- 47+ 4 
is negative ? 
Construct another function of x which has a similar property. 


3. For what values of x is the function #?+a-6 zero ? 
For what range of values of x is the function x?+x- 6 negative ? 
4, (i) What is the greatest value of the function 9-(x-1)? ? 
(ii) For what values of x is this function zero ? 


(iii) To what value does this function tend when z>o , and 
when x7->—& ? 


(iv) Sketch the graph of this function. 
5. Sketch the graphs of (i) x, (ii) (7-3), (11) (v+2)?. 


6. Sketch the graphs of 
(i) +r/e, (ii) —/x, (ili) +Na-2, (iv) +/c+1, 
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7. (i) Can you find (a) a positive value of x, (b) a negative 


value of x, such that 2 <0Q:01 ? 
(ii) When is this function a > 100? 
(iii) Sketch the graph of & . 


8. What is the value of the function ae 


(i) when 2 is large and positive, e.g. +1003 ? 
(ii) when z is large and negative, e.g. — 997 ? 


(111) when & is nearly equal to 3, (a) if x>3, e.g. 3-001, 
(b) if x<3, e.g. 2:999 ? 
1 


(iv) Sketch the graph of es 


es wm ewww ne mem os 


wee wee wee we bw oe ee em em ew we pw emn ce ee eee ee wo ow tame 


ewreeer2r2 e@ 8 2 er ee -}- 2-2 = 
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9. The graph of a certain function of x is shown in Fig. 4. 
Describe in words the variation in value of this function of x as 
x varies from —o to +o. 


10. ONP is a variable triangle with a right angle at N; ON 
hes along the axis Ox; the length of the hypotenuse OP is 5 and 
ON=x. What is the length of NP ? 

As « varies, what is the locus of P ? 

Of what function of x is this locus the graph ? 
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11. The graph of a certain function of w is shown in Fig. 5. 
Describe in words how the value of the function varies as a varies 
from —2 to +4. If the same series of values of the function 
recurs again and again every time 2 is increased by 7, what can 
you say about the value of the function as x+o ? 


12. The values of a certain function of 2 can be calculated for 
all values of x, positive and negative. The function never has 
values greater than 1 or less than — 2, and is zero when x equals 
—l or 3 or 4. The function is positive if -l<«w<3 or if 
4<x< oo, and for other values of x is negative. 

Sketch the simplest graph of this function. 


18. Sketch the simplest graph of a function wnich has the 
following characteristics : 


(i) >+1, whenz>+o. 
(ii) ++, when x++1, provided x> 1. 
(i111) Is never equal to 1. 
(iv) Is not defined if -—l<a<+l. 
(v) ~-1, when ~>-o. 
(vi) +~-«, when «>-1, provided x< —-1. 


14. (i) Can you find a value of « for which eal is firstly > 100 
and secondly a 100 ? ae 
(ii) For what value of a is this function zero ? 
(iii) For what ranges of values of x is this function negative ? 
(iv) Can you find a value of x for which the function equals 1 ? 
(v) For what value of x is the function equal to 1-001 ? 
(vi) For what value of x is the function equal to 0-999 ? 


(vii) Sketch the graph of this function. 
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15. (i) For what values of x is the function («—1)(x—3)(x— 4) 
zero ? 


(ii) For what ranges of values of x is this function positive ? 
(iii) Find the values of the function when «=10, 0, — 10. 


(iv) Can you find a value of x for which the function is 
> 1,000,000 ? 


(v) Sketch the graph of this function. 


16. (i) Can you find a value of x between 0 and 10 for which 
the function 
(~—1)(~-—5) 


x—3 
is firstly > 1000 and secondly < — 1000 ? 
(ii) Can you find the value of the function when x=3 ? 
(iii) Describe the changes of sign in the function as 2 in- 
creases from — 1 to +8, stating also where it vanishes. 
(iv) What is the approximate error per cent. in taking the 


function as equal to x when x=1000 and when 
x=-—1000 ? 


(v) Sketch the graph of this function. 
17. Sketch the graph of 
(1) (w—1) (w-2) (w—3) (w—4) (w@—5) 5 
(1) (w—1) (w-2)?(~- 4) (w—-5) 5 
(111) (w2—1) (w—2)3(a— 5). 
18. (i) Find approximately the value of the function 
x—1 
(w— 2) (w-— 3) 
if c=1-99, 2-01, 23, 2-99, 3-01. 
(11) What can you say about the value of this function when 


x is large ; about how much, for example, is it if .x is 
a million ? 


(iii) What is its approximate value if x= — 1,000,000 ? 
(iv) For what range of values of x is this function negative ? 
(v) Sketch the graph of the function. 


19. Sketch the graph of ees : 


20. Sketch the graph of 


@3 =r 
1 6 
21. Sketch the graph of a 1 - at 


ey 
e k Fe ed Ne ‘ e 
22. Sketch the graph of ies) tet) 
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C. CONSTRUCTION OF FUNCTIONS. 


Example III, AB is a variable chord of a circle, centre O, 
of radius 5 cm.; AB=2x cm., and the height CD of the 


in, | iN 


Fig. 6. 


minor segment cut off by ABisycm. Express xvas a function 
of y. 
AO=5cem., OD=O0C- DC=5-y cm. 
By Pythagoras, xu? +(5—y)?= 5? ; 
*, @425—10y+y?=25 or w=10y-y=y(10-y); 
*, e=n/{y(10—y)}. 


Coordinates of a Point. The position of a point in a 
plane is often fixed by giving its distances from two _ per- 
pendicular straight lines Ox, Oy (see Fig. 7). If PN is per- 
'pendicular to Ox, the length of ON equals the distance of P 
from Oy, and is called the x-coordinate or the abscissa of P, and 
the length of PN, which is the distance of P from Oz, is called 
the y-coordinate or the ordinate of P. 

With the data of Exercise I. c, No. 1, the statement that 
the coordinates of A are (2,3) means that OH =2, HA =3; 
the x-coordinate is always put first. And if ON =z, NP=y, 
we say that the coordinates of P are (x,y). We may also 
express the fact as follows: if you start from the origin O 
and move x units «-wards and then y units y-wards, you 
arrive at P. 
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EXERCISE I. c. 


1. In Fig. 7 the coordinates of A, B, P are respectively (2, 3) ; 
(6, 5); (, y). Express y as a function of a. 


P 


0 H 


2. AB is the diameter of a circle APB; PN is the perpen- | 
dicular from P to AB; if AB=8, AN=a, PN=y, express y as 
a function of x. 


3. ABCD is a rectangle; P is a point such that the per- 
pendicular PN from P to AB is equal to PC. If BC=4, PN=z, 
NB=y, express y as a function of a. 


4, PN is an altitude of the triangle APB; O is the mid-point 
of AB. Ti PN=y, ON=2z, AB=6 and PA?+ PB?=30, express 
y as a function of a. 


5. AB is a diameter of a circle; a line AQR cuts the circle 
at Q and the tangent at Bin R; P isa point on AQ such that 
AP=QR; PN, QK are the perpendiculars from P, Q to AB; 
AB=4, AN=a, PN=y, QK=z; express (i) 2 as a function of x 
(use the fact that BK=AN), (11) y as a function of x. 

Sketch the graph of y. 


6. AOB is a triangle right-angled at O; PN is the perpen- 
dicular from a point P on AB to OB; if AP=3,.PB=4, ON=z, 
PN=y, express y as a function of a. 


7. A point R# is taken on the side AB of a triangle ABC of 
area 2 sq. inches such that AR=a.AB, where x>%4. RQ, RH 
are drawn parallel to BC, AC to meet AC, BC at Q, H; QK is 
drawn parallel to AB to meet BO at K. Express the area of 
QRHK as a function of x and z. (C.S.C.) 


8. AB is a diameter of a circle ; CD is a chord parallel to AB 
and at distance 6 inches from it; any chord AQ cuts CD at R; 
RN is drawn perpendicular to AB; QP is drawn parallel to AB 
and cutting RN at P; if AB=a, AN=x, NP=y inches, express 
y as a function of a. 
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9. AB is a fixed diameter of a given circle; the tangent at 
B meets a variable chord AP at Q; AB=d, AP=x, BQ=y; 
express y as a function of x. 


10. ABCD is a straight line and 4H, BK, CL are three fixed 
lines perpendicular to it; AB=a, BC=b, CD=c; a.variable line 
cuts AH, BK, CL. at P, Q; R and DQ cuts CL at S; ub AP=y, 
CR=z, CS=a, express x as a function of y, z. 


11. Assuming the length, breadth and depth of an ordinary 
match-box are in the ratio 10: 7:3, express the volume of 
the box as a function of the area of match-board used in making 
it, z.e. box and drawer. 


12. Taking Ox, Oy as perpendicular axes, sketch the graphs of 
x? and 2 for positive values of x; any line perpendicular to Ox 


cuts the graphs at P, Q and Ox at N ; if ON=za, express the area 
of the triangle OPQ as a function of 2. 


D. FUNCTIONAL NOTATION. 


Any expression whose value can be determined when the 
value of x is known, can be represented by the symbol f(z). 
f(x) is shorthand for the words “ a function of x.”’ 
In a particular question f(x) might be used to represent the 
function 524 —- 2x +8. | 
Then f(2) would mean the value of this function when x =2. 
*. f(2) would mean 5(2+*) — 2(2) +8 


=80-4+8 
= 84, 
and f(-1) would mean 5( —-1)* -2(-1) +8 
=54+2+8 
= LS, : 
and f(0) would mean 5(0)* —2(0) +8 
=o: 


Example IV. lf f(x)=a?-3 os find the value of f(5) and 


f(2a). 


f(6)=5?— 834+4=25 -34+4=22}, 


1 1 
Se ye et ae ; 
jf(2a)=(2a)?- 34+ Ja 4a —3+ Ja" 
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Example V. If f(x)=z +22, find the value of Te +h) — f(x). 
Here S(w+h)=(x+h)?+ 2(a-+ h) 
=274+ 2rh+h?+2x0+2h ; 
*, (ath) -f(a)=x? + 2rh+ h?+ 20+ 2h—-x?- 2x 
=2ch+h?+ 2h 
=h(2x+2+h). 


EXERCISE I. d. 
10%. If f(~)=27+ 2, find the values of f(1); f(0); f(-—1); f(2a); 
2. If f(~)=10*, find the values of f(1); f(2); (0); f(-1)3 
f(2x). 
3. If f(x~)=log x, find the values of f(1000); /(2); (20); 
F(1) 5 f(x*). 
4, If f(x)=22—3x+5, find the values of f(2); Ala+h); uC :). 


BMT fie 023 te andthe. valnevot Mhz Oba! What is 


the approximate value of this when h is small Sa with x ? 
6. If fle)== , find the values of f(1) and canola te! . What is 
the approximate value of this last expression when hf is small ? 
7. lf f(v~)=2?+ 5, simplify 
(i) f(8a) 3 (ul) f(w+ 1)+f(~—-1)-2f(2). 


8. If f(x)=z?, simplify 
(i) f(w®) (ui) f(wt+h)- f(x) - (f(x) -f(x— h)}. 


EH. EQUATION OF A LINE OR CURVE. 


Figure 8 represents the graph of the function 5+ L.iWe 
know that this is a straight line. 

If, from a point P on the line, we draw PN perpendicular 
to Ox, then ON, NP are the coordinates of P. If, for example, 
ON =3, we know that PN =2+1=2). IfON =x and NP=y, 


we know that y =5 + 1, and this relation is called the equation 


of the line, because it connects the coordinates of each separate 
point on the line. 
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B is a point on the line whose x-distance is zero ; and when 


x =0, y=5+1=041=1;  OBEL, 


Fig. 8. 


A is a point on the line whose y-distance is zero ; and when 
y =0, we have 0=5+1; e 5 —l or «= -2. 
*, OA = -2, 2. A is 2 units of length to the left of O. 
It is easy to find whether any given point lies on the line 
or not, by simple substitution in its he : thus the point 
(-—6, —2) lies on the line, because -2= —-£+1. 


Fig. 2 on p. 2 represents part of the graph of the function 

—8x+32. We therefore say that the equation of this curve 
is y =x? — 8% +32, because the x-distance and the y-distance of 
each point on the curve are connected by the relation 


y =x"? —-8x +32. 


EXERCISE I. e. 


1. Fig. 9 represents the line whose equation is eee 2. 


(i) If ON=6, what is PN ? 
tii) If PN=4, what is ON ? 
(iii) If OK=—4, what is KS ? 
(iv) If KS=-1, what is OK ? 
(v) What are OA, OB ? 
(vi) lf ON=3c, what is PN ? 
(vii) Do (30, 22), (—12, — 10) he 
on the line ? 


16 | CALCULUS [CHAP. 


2. Fig. 10 represents the line whose equation is y=3- oe 
NO 
: 
M 
Fie. 10. 

(i) If ON=4, what is PN ? (ii) If PN=1, what is ON ? 
(iii) If OM=-2, whatisQM? (iv) If QM=6, what is OM ? 
(v) What are OA, OB? (vi) If ON=2a, what is PN ? 

(vii) Do (20, —9); (23, 14); (—30, 24) lie on the line ? 


3. With the data of No. 1, (i) if ON=6, NM=1, calculate 
PN, QM, tae (ii) if ON=a, NM=h, calculate PN, QM, BR 
where R is the foot of the perpendicular from P to QM. 

4, If Fig. 16, p. 22, represents the curve whose equation 1s 
y=", calculate ae (i) if ON=1, NM=1}, (ii) if ON=1, MN=0:1, 
(ii) if ON=a, Nie h. 

5. The equation of the curve in Fig. 11 is y=(x%+1)(5-2). 


7 8Q 


(i) Find OA, OB, OC. 
(ii) Find PN if ON=1 and if ON=6, and interpret the result. 
(iui) Find ON if PN=8 and if PN=-—7 and if PN=9, and inter- 
pret your answers. 
(iv) Find ae if ON=1, NM=0-:1 and if ON=1, NM=hA, and 
if ON=a, NM=A. 
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6. Sketch lines or curves corresponding to the following 
equations : 
i) y=2e-1; (il) e+y=1; (ili) y=3x?+1; 
(iv) y=(x—-1)(x-6) ; (v) w+ y?=25. 
7. PN, QM are the ordinates of two points P, Q on the curve 
xy= 36 (Fig. 3, p. 7); PR is drawn perpendicular to QM. 
(i) lf ON=3, NM=1, calculate PN, QM, OR. 


(ii) If ON=a, NM=h, calculate QR and pee 


8. Fig. 12 is a curve whose equation is written y=/(x) ; draw 
lines in the figure whose lengths represent /(4), f(2), f(—1), /(0). 


Fig. 12. 


What do you know about the values of /(3), /(0), f(- 4) ? 
Which of the following are positive: /(5), f(1), fl - 2), f(- 5) 


9. If the equation of the curve in Fig. 11 is y=/f(x) and if 


ON=a, NM=h, write down expressions for PN, QM, PR’ 


D.W.C, B 


CHAPTER II. 


LIMITS AND GRADIENTS. 


Tr has already been noticed, in connection with the graphical 
representation of functions, that a function may have no 
meaning for one or more special values of the variable 


(e.g. ue has no meaning when 2=0, see p. 6). We shall | 


now examine more closely the behaviour of a function in the 
neighbourhood of such values. Examples I. and II. illustrate 
the meaning of a “ Limit ”’ of a function. 


Kxample I. Plot the values of the functions : 
; ] Es 1 si Le 
(i) et. (11) lt; | (ii) 1+(-1) ee 
for positive zntegral values of n. 
; 1 
(i) 1- a 


We have the following table of values : 


n=1| 2 30] 4. 8 4 6) aaa 
l > 
Atof a | asl a] 4 | 8) ee 


which are represented in Fig. 13. 


Ala Oe TS ee a ee 
1 BRERA RRERERSREU RRR REERARERARAE 
mabe) tole tet ae ch a es 
ARE BABBEE AD 
MERRRERDRESE Re 
B ata TO a 
BRB ERRLO Ee REBRERERRSRE Ce. 
HEARRKE BIS OL tS eee 
BRREBRE ED E: BRRBRBRHERBER Ca. 
Bem i SEE 7 
L--- BRRERRESNERE 
oLLiT Riige. BREBMERNMMEO eo 
0 1 2 3 4 5 6 vA 8 % 
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(ii) 142. 
We have the following table of values : 
n=1 | 2 3 4 5 6 7 ee 
[2am | ft |) § | eels 
n 
which are represented in Fig. 14 : 


EEEEEEEEEEHEE EE 
2h HH 
Ee PEEEEEEEE EEE EEE EEE EEE 
Rede ee HR SS ASR R eRe 
GR DERM GERADI Seas ORR hee 
DRRARRSLOSO COUR aoe aa 
aan HHH || SU SReW AS TeeRUAess 
BE ABARAT SLO R DRAMAS ABER 
BARRARE FRO RA RAR OAD OCR Ree 
BE DERAR EAGER BRR ABER IBBEL IR 
|| DB ed eee fens Feo |e eps epee pete pop meet ieee 
oO 1 2 3 4 5 6 7 8 2 


(iii) 14(—1)". S 
We have the following table of values : 
n= Lihue? 3 4 5 6 Tae 


a  __ - 


arte 


a 
a 
a 
TI a 
Payete Epa) Sas) a 
pers pelea eh TE | 
Beane see 1 | 
(eo! HiRkhe aoeee L 


Either from the graphs or from examining the functions 
direct we note that 
(i) 1 2s is always less than 1, and that, as n increases, the 


function steadily increases and approaches the value }, 
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(ii) 1 43 is always greater than 1, and that as » increases 
the function steadily decreases and approaches the value 1. 
(iii) 1+(-1)" - is alternately less and greater than 1, and 


that as ” increases the function increases and decreases alter- 
nately, but appreaches the value 1. 

In each case it is possible to find a value of n for which and 
for all greater values the function differs from 1 by less than 
a given amount, however small. 

E.g. each function differs from 1 by less than 0-001 if | 
n> 1000. 

But it is impossible to find a value of n for which any of 
the functions actually equals 1. 

Under these conditions we say that: 


The Limit of 1+! as n tends to infinity is 1 [but the limit 


is not attained in this case]. And we write it as follows: 


Lt (Q+2)=1 
n 


n—> oO 


Similarly Lt (1-,)=1 and Lt [1+(-1"-)]=1. 


n> —_—> Oo 


212 
Example II. What is the limit of ale as h tends to 0? 


(1+h)?—-1_ 14+2h+h?-1 2h+h? 
Space ss i 


h h 
2 
At Vice Op tail becomes z which is a meaningless expression. 
2 
TEh40, Mt" oth, 


The smaller h becomes, the closer 2+h approaches to 2. It 
never attains the value 2, for A is never actually 0. But we can 
choose h so that 2+h differs from 2 for that and all smaller values 
of h by less than any given amount, however small ; 


*, its limit is 2; 
Lt (1+h)?-1 @) 


2 (limit not attained), 
h—>Q h 
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EXERCISE II. a. 


1. (i) Plot the values of a ‘ 


3 to 10. 


for integral values of n from 


pt 


(ii) Can you find a value of n for which differs from 


2 by less than 0-001 ? 


(iii) Can you find a value of n for which mst equals 2 ? 


Perse the limit of 
n+l 


as n tends to infinity ? 


2. (i) If sy=1; s,=14+43 ss=1+34+4; sy=1+144+1441], ete., 
plot the values ae 3. tor values of n from | to 5 


(ii) Can you find a value of n for which s, differs from 2 
by less than 0-001 ? 


(i111) Can you find a value of n for which s, equals 2 ? 
(iv) What is the value of. Lt s,, ? 


u—>2 


3. (i) Express as a decimal to 3 figures the value of 


n 
when n=5 and n= 10. 2n?+1 


ne 
2n?+ | 


(iii) Is this limit attained ? 


4, (i) Find the values of ae for integral values of n 
from 1 to 4. + (0-1) 
(O-1)” 


P : - 
(ii) What is the value aa T+ ' 


for integral values of n from 


5. (i) Plot the values of The ee 
1 to 4. 
2" 9 
m—>oo 1+ 2” 
(iii) For what integral value of n does differ from 1 


by less than 745 ? em 
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(ii) What is the value of Lt ‘je 
(iti) Is this limit attained ? 


(iv) Find a value of x for which — 
than 0-001. 


7. Fig. 16 shows part of the graph of y = 32°. 
ON =1, ~Niish, 
PN, QM are ordinates and PR is perpendicular to QM. 


(i) Express ae in terms of h. 


(ii) What is the limit of 2% as h>0? Interpret this 


result see nate 


a differs from 2 by less 


8. If a stone is dropped in a vacuum, it falls s feet in # seconds, 
where s = 16#?; the graph of this is represented in Fig. 17. 


ON=3, NM=h. 
PN, QM are ordinates and PR is perpendicular to QM. 


(i) Express ae in terms of h. 


(ii) What is the limit of a as h>0O? Interpret this 
result. : 
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9. (i) Draw the graph of 5x —? from x=0 to 5. 


(ii) Draw the ordinate corresponding to =1:5. What is 
its length ? 


(iii) Take any point A on the w-axis and call OA=a. Give 
a geometrical meaning to the ratio 


[5(a+h) —(a+h)?] —[5a —a?] 
h : 


(iv) What is the limit of this function when h>0 ? 


(v) For what value of a is this limit equal to 0? Interpret 
this result geometrically. 


10. (i) Draw the graph of from x«=4 to E 
| ¥ Val 
(ii) Give a geometrical meaning to the ratio 2+h 2- 
h 
(iii) What is the limit of this ratio when h>0? Interpret 
this result. 
pals 
(iv) Give a geometrical meaning to the ratio a+h a 
Bons Seu 


evaluate its limit when h > 0; and find the value of 
a for which this limit equals — }. 


11. (i) What is the average of the numbers 1, 2, 3, 4, ... ,(m—1) ? 


(ii) Prove that their sum is peru hs 


1 
Lt —,[1+24+3+...+(n— 1}. 


(iii) Find the value of 
12. ABC is an isosceles right-angled triangle; BC=10 cm.; 
BC is divided into n equal parts, and q 
through each point of division’ a line is 
drawn parallel to BA. to meet CA, and 
rectangles are completed as in the figure. 
By using Ex. 11, 
(i) find the sum of the areas of 
all the rectangles in terms 
of n: 
(ii) find the limit of this sum when 
n tends to infinity ; 
(iii) what is the area of the triangle B Cc 
ABC? Fig, 18. 
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13. It can be proved that the sum of the series 
n(n+1)(2n+1) 

6 e 
(i) Find the value of Lt = (124 27+ 3?+...+7?). 


n—> 0 


14 27+ 37+ 44+ 0+ t= 


(ii) Fig. 19 gives the graph of y=2?; OA=1; OA is 
divided into n equal parts, and through each point 
of division lines are drawn parallel to Oy, and 
rectangles are completed as in the figure. Express 
the sum of the areas of all these rectangles in terms 
of n, and find the limit of this sum when n tends 
to infinity. 


= sh 


) A # 
¥Fia. 19. 


14. (i) Use the result given in No. 13 to find the value of 
Sy [124+22432+..+(n— 1)]. 


(ii) If the rectangles are drawn so that each ends below the 
graph of y=2? (the arrangement in Fig. 18), find the 
sum of the areas of the rectangles in terms of n; and 
find the limit of this sum when n>. . 

(iii) By comparing this with the result in Ex. 13, what can 
you say about the area of the figure bounded by 
OA, AB and the curve OB in Fig. 19? . 


CALCULATION OF RATES OF CHANGE FROM 
STATISTICS. 


Example III . The following table gives the height of the 
mercury barometer at intervals of two hours during a day: 


Time - |8a.m.|10a.m.} Noon | 2 p.m. |'4 p.m. | 6 p.m. | 8 p.m. 


Height in 
inches - | 28:57 | 28-65 ) 28°85 29-10 | 29-22 | 29-12'| 29-0 
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Find the average rate at which the barometer was rising 
(i) between 10 a.m. and noon ; 
(ii) between noon and 2 p.m. ; 
(iii) between 4 p.m. and 6 p.m. 
Draw the barograph for the day, and find the rate at which 
the barometer was probably rising at noon. 
(i) Between 10 a.m. and noon the barometer rose 0-2” in 2 hours ; 
*, the average rate of rise was 0-1” per hour. 


(ii) Between noon and 2 p.m. the barometer rose 0-25” in 
2 hours ; 


, the average rate of rise was 0-125” per hour. 


(111) Between 4 p.m. and 6 p.m. the barometer fell 0-1” in 
hours ; 


.. the average rate of rise was — 0-05” per hour. 


Figure 20 gives the required barograph. 


Pee Q 
| 
29-25 
P. 
29:0 
@ A 
—_ | + 
o 
x= | | f 
I 
28:5 
8am, 10am. 12 2p.m. 4p.m. 8p.m. 
Time 
FIG. 20. 


It is a curve and not a straight line, because the rate is 
altering throughout the day. If it continued to rise at the 
same rate after 12 o’clock as it is rising at 12 o’clock, the 
barograph would be the straight line formed by drawing the 
tangent APQ at the point A, which corresponds to 12 o’clock 
on the graph. In the figure, this tangent is drawn by eye, 
and cuts the 2 o’clock and 4 o’clock lines (or any other con- 
venient lines) at P and Q. Now the difference in heights 
- registered by P, Q is 0:30’. 

.. the rate of rise at A is 0-30” in 2 hours, | 
or 0-15” per hour. 
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EXERCISE II. b. 


1. The following table gives the population of the United 
Kingdom for various years : 


Year - - | 1840 | 1850 | 1860 | 1870 | 1880 | 1890 | 1900 
Population 
(in millions) | 27-0 | 27-7 | 29-3 | 31:8 | 35-2 | 38-1 | 42-0 


[Give answers in thousands per year. ] 


(a) What was the average rate of increase of population 
in the period 1840 to 1850 ? 

(6) What was the average rate of increase of population 
for the whole period 1840 to 1900 ? 

(c) During what period of ten years was the population 
increasing most rapidly, and what was the rate per 
year then ? 

2. At the end of a minutes a car has travelled x miles, and 
at the end of b minutes it has travelled y miles. What was its 
average speed 

(a) for the first a@ minutes ? 
(b) for the first 6 minutes ? 
(c) during the period a minutes to 6 minutes ? 
If in the above question a=3 and b=4, what was the average 
speed of the car during the 4th minute ? 


3. The following table gives the distances a car travels, 
starting from rest : 


Time in 
minutes i Bali Valse 20 a2 30 35 | 40 | 45 
Distance in 
miles - - Oe igi 5-2] 8-3} 11-4] 14-2] 16-7] 19 | 20-5 - 


[Give answers in the form miles per hour.] 


(a) What was the average speed of the car for the first 
5 minutes ? 

(b) What was the average speed for the first 20 minutes ? 

(c) What was the average speed for the whole period, 
45 minutes ? 

(d) Draw a graph to illustrate the motion of the car, and 
by drawing a tangent to the graph at the point 
determined by t=35, find the probable speed of the 
car 35 minutes after it started. 

(e) By drawing a tangent to the graph where it appears to 
be steepest, find the greatest speed attained by the car. 
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4, A lift ascends 90 ft. in 40 seconds, and its height h feet 
at intervals of 5 seconds is given by the following table : 


—— | | | | 


Draw a graph to illustrate the motion, and draw tangents to 
the graph at the points determined by t=10, ¢=20, ¢=30. 
(i) What is the average speed of the lift for the first 
10 seconds ? 


(ii) Estimate from your graph the speed of the lift after 
10 seconds ? 


(11) What is the average speed of the lift for the first 
20 seconds ? 


(iv) Estimate its speed after 20 seconds. 


(v) What is the average speed of the lft for the last 
10 seconds ? 


(vi) Estimate its speed after 30 seconds. 
5. The weight that can be carried by a certain type of bridge 


varies with the diameters of the spars used in accordance with 
the following table : 


Diameter of spar in inches - 3 5 7 | 9 1] 
Load carried in tons - a Gt ee0-7 2-4 | 6 12 


[Give answers in the form tons per inch.] 
What is the average rate at which the load carried increases 
‘when the diameter is increased from 
(a) 3 inches to 5 inches ? 
(6) 7 inches to 9 inches ? 
(c) 9 inches to 11 inches ? 
(d) 7 inches to 11 inches ? 
Estimate the ‘rate’ of increase of the load when the diameter 
is 7 inches by drawing a graph. 


6. Water runs out of a bath, and the volume that runs out 
is given by the following table : 


Time in seconds - - 5 10 15 20 25 


Volume in cubic feet - - 6 9 | 10:5 | 11:2 11-6 
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Draw a graph and find the rate of flow at the end of each 
period of 5 seconds. Show from your results that the rate of 
flow is proportional to the volume of water remaining in the 
bath, there being 12 cubic feet of water in the bath originally. 


SUMMARY OF RESULTS. 


(i) It is possible to have a function of x to which, for one 
or more special values of x, no meaning can be given. 


2 
£.g. aoe has no meaning when z=1. 


(ii) In such cases, the function may tend towards a definite 
limit as x tends to that value ; but the limit is not attained. — 


2 
E.g. Lt ieee =2, but no value of 2 exists for which 
— equals 2. 


—l 

(iii) If a function of 2 is represented by a graph, the rate 
at which the function is increasing for any value of is repre- 
sented by the slope of the tangent to the graph at the point 
corresponding to that value of x, provided that the units 
used in drawing the graph are taken into account. 


CALCULATION OF RATES OF CHANGE FROM 
FORMULAE. 
Example IV. Draw the graph of y=2+3x+42*, and. find 
the change of y per unit increase of x, when (i) x =2, (ii) x =a. 
MA : EEE EE HH 


ata 
Peo 
| \A 
Fy 
20 al co 
an men 
z= mika 
oa Pies 
* tat nibs 
ag co 
=p Mies 
i] nae 
er ake 
== BEES 
oO 1 2 3 x 
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We have, by calculation, the table : 


FE ee | 


which is represented in Figure 21. | 
(i) When ON =2, PN =24+3x2+27=24+64+4=12. 
When OM =2+h, QM =24+3 (2+h)+(2+h)?=124+7h+h? ; 
*. when z increases by h, y increases by QM — PN or QR=Th+h? ; 


} ; Pee Th +h? 
.. the average increase of y per unit increase of x= pag T+h 
Qk _ : 
or PRo! +h; 
QR 
ait Lt DD > 
nor 0 LR 


*, at x=2, the rate of increase of y with respect to ~ is 7. 
(ii) When ON =a, PN =2+3a+a*. 
When OM =a-+h, 
QM =24+3 (at+h)+(at+h)?=24 3a+ 3h+a?+2ah+h?; 
., QR=QM —PN =3h+ 2ah +h? ; 
. QR 3h+2ah+h? 
eed toy, h 
*, at x=a, the rate of increase of y with respect to 2, 
= Lt (8+ 2a+h) 
h—>0 


=3+2a+h; 


=3-+ 2a. 


Definition. In Figure 21, oe is called the average gradient 


of the graph over the interval VM. 
The limit of oak when h tends to 0 or Lt ae is called the 
PR io PR 
gradient of the graph at P, where PR=NM =h. 


Figure 22 illustrates the way in which the “ average 
gradient ’” changes as the point @ is taken nearer and 
nearer to P. 

G1, Go, Gs are successive positions of Y, whilst P remains 
fixed. OR 
The average gradient over the interval MN is 7, 


PR 
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The limiting position to which the chord PQ tends as 
arc PQ —> 0 is indicated by the tangent 7’PT". 


MT 
ee gradient measures the “rate of change of y with respect 
to x,” or the change in y per unit increase in 2. 


Re a = gradient at P =gradient of the tangent PT ies 


EXERCISE II. c. 


1. What is the gradient of the slopes shown in Figs. 23-25 ? 
ey 
wy 


x 
Fie. 23. Fie. 24. Fig. 25. 


2. Figure 26 represents a hill; horizontal scale x-axis is 
1 inch : 100 yards; vertical scale y-axis is 1 inch: 10 feet. Find 
(i) the average gradient from A to B, (ii) the average Breciont 
from P to Q, (iii) the gradients at C, D, . 


Fig. 26. 
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3. Draw lines of gradients (i) 3, (ii) —2. 


4. Find the coordinates of a point on the curve in Fig. 26, for 
the scale given in Ex. 2, where the slope is 75 


5. (i) Draw the graph of y= 2x +3. 
(ii) Show that the points (1, 5) and (4, 11) lie on it. 


(ii:) What is the average gradient of the graph between these 
two points ? 


(iv) What is the average gradient of the graph over the 
interval x=2 tox=6? 


(v) What is the value of y when x=a and when x=a+h, 
and what is the average gradient of the graph over 
this interval ? 


(vi) Why does the average gradient of the graph not depend 
on the values of either a or h ? 


6. (i) Draw the graph of y=7 — 52. 


(ii) What is the average gradient of the graph over the 
interval x=3 to x=7 ? 


(iii) What is the gradient of the graph when x=a ? 


7. What is the gradient of the straight line joining the points 
(2, 5) and (7, 8) ? 


8. A marble rolling down an inclined plane travels s feet in 
t seconds, where s = 3@?. 


(i) How far has the marble travelled in 1 second 2? What 
is its average speed for the Ist second ? 


_ Gi) How far has the marble travelled in 2 seconds ? 
What is its average speed for the Ist two seconds ? 
What is its average speed during the 2nd second ? 


(111) How far has the marble travelled in 2-1 seconds ? 
What is its average speed in the interval 2 seconds 
to 2-1 seconds ? 


(iv) How far has it travelled in (2+h) seconds ? What is 
its average speed in the h seconds between 2 seconds 
and (2+h) seconds ? 


(v) What does your answer to Question (iv) become when 
h=0:1 second, when h=0-01 second and when 
h=0-000001 second ? 

What is its speed exactly 2 seconds after it begins 
to move ? 

Draw a graph to illustrate the motion from ¢=0 
to ¢=3, and find its speed after 2 seconds by drawing 
a tangent, 
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9. The distance d ft. that a stone has fallen after ¢ seconds is 
given by the formula d= 16¢?. 


(i) How far has the stone fallen after 3 seconds 2? What 
is its average speed for the first 3 seconds ? 


(ii) How far has the stone fallen after 2 seconds ? What 
is its average speed during the third second ? 


(iii) How far has the stone fallen after 2:9 seconds ? What 
is its average speed during the interval from 2:9 
seconds to 3 seconds ? 


(iv) How far does it fall in (3—h) seconds ? What is its 
average speed during the h seconds from (3—h) 
seconds to 3 seconds ? 


(v) What does your answer to Question (iv) become when 
h=0:1 second, when h=0-:01 second and when 
h=0-000001 second ? 

What is the velocity of the stone 3 seconds after 
it is dropped ? 


10. In the same way as in Ex. 9 work out the speed of the 
stone 1 second after it is dropped. 


11. In the same way as in Ex. 9 work out the speed of the 
stone a seconds after it is dropped. Evaluate your result for 
a=1, 2 and 3, and compare with previous results. 


12. The distance in feet travelled in ¢ seconds by a body moving 
-in a straight line from a fixed point A is given by the formula 
AP=3+5t+1. Find AP when t=2 and whent=2+h. Find 
the average speed of the body P for the h seconds commencing 
with the end of the 2nd second. What is this speed: when 
h=0-1 sec., when h=0:01 sec., when h=0-:0001 sec. and when 
h= —0-0000001 sec. What is the speed of P 2 seconds after the 
motion starts ? 


13. Draw a line AB of length 10 cm. and describe a semicircle 
with AB as diameter; P is any point on the semicircle and PN 
is the perpendicular to AB. Let AN=x and PN=y. Find by 
measurement or calculation the average gradient of the semi- 
circle over the intervals (i) y=0 to 1; (ii) e=0 to 2; (ii) r=3 
to 7; (iv) ¢=8to 10. Interpret your results geometrically. 


14, The area of a circular blot of ink is increasing at a steady 
rate of 2 sq. cm. per sec. ; if the radius is x cm. after ¢ sec., find 
the average rate of increase of 2 over the interval (i) t=5 to 
¢=10; (11) ¢=5 to ¢=5-1, assuming that x=0 when ¢t=0, 
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15. The perimeter of a rectangle is 24 inches: if its area is 
y sq. in. when one side is of length ~ in., find 


(i) the average rate of change of y over the interval x«=3 


to 5; 

(ii) the average rate of change of y over the interval x=3 
to 3+h; 

(iii) the average rate of change of y over the interval «=a 
toat+h; 


(iv) the rate of change of y when x=a; 

(v) the value of x when the rate of change of y is zero ; 
what does this mean ? 

(vi) Express y as a function of w and draw its graph. 


16. If y=3x+2’, find (i) the average rate of change of y over 
the interval x=1 to 1-1; (i) the gradient at r=1; (i) the value 
of x when the gradient is zero. 


17. Calculate the gradient of the graph of = — when (i) ~=2, 
(11) v=a. 


18. Calculate the gradient of the graph of 273 when x=c. 


19. A marble rolling down a groove travels s feet in t seconds 
where s=}#?; find (i) the average rate of change of s over the 
interval = 1 to t = 2, (il) the rate of change of s when t= 1. What 
does this mean ? 


20. The graph of y=ma-+c is a straight line, m and c being 
any constant numbers. Find its gradient. 


21. Find the gradient of y=ax?+bx+c when x=2. 


22. Find the gradient of y=ax?+bx+c when x=2,. For what 
value of x is this gradient equal to zero ?. What is the geometrical 
significance of a zero gradient ? 


23. Give geometrical meanings to the following, taking x to be 
the x-coordinate of a graph (do not simplify the expressions) : 


) (ethy—at Eee 
A j ek h ‘ 
eee Gv) te VE=A= ve, 

h h—>0 h 
h—0 h h 


24. If f(x)=xz*, evaluate it pp SEAM ALE) and interpret the 
result. 


25. If f(~)=5, what is the gradient of the graph of f (x) ? 


DIW.C, C 
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SUMMARY OF RESULTS. 


Draw the graph of any function y=/(x) ; see Figure 27. 
Suppose ON =a and OM =x +h, so that PR=NM =h. 
Then PN =f(x) and QM =f(x +h). 


*. QR=f(e+h) — f(z). 


The average gradient of PQ is I(w mn me AC) 


And the gradient at P is Lt fw uta ES) 


h—0 


The gradient at P is the slope of the tangent at P to the 
curve. 


CHAPTER III. 


DIFFERENTIATION. 
NOTATION. 


FicureE 28 represents the graph of any function y =f(2). 
HON z, then PN —y—/ (x). 
@ is any point close to P on the curve and QM its ordinate. 


The length of NM is represented by the symbol 6x, which 
means “a small increment of the variable x,” or colloquially 
a little bit of x.” 


And dy represents the consequent change in y; so that 
sy =QM —-PN =QR. 
Thus ON=2; OM =x+62; 
PN=y=f(z); QM =y+oy=f(x +62) ; 
“. Sy=f(x +62) - f(x); 
fs a +6x) —f (ax 
and cae t) f( ) 


Oa On 
ES Te 
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Now pe =the gradient of the chord PQ. 
*, the gradient of the tangent at P 
Ay oy Lt f(x ox 02) —f (2) 
sin OD Lance ox 


=rate of change of f(x) with respect to x. 


; by . : dy d ‘ 
The exPreesi on ie is written in ah and is called 
the differential coefficient of y with respect to x. 
hee expression ihe Eee is written _ as 


ae ai x), and is peliede ie Bethe coefficient of ta with 


re to x. | 

The process of finding this limit is called “ differentiating 
with respect to x,” and the result is sometimes called the 
** derived function ”’ of f(x) and written f’(x). 


SUMMARY. 


(i) £ f(a) =1t f(%+ 2 —f(%) 


(i) Hy=s@), 2 oy Lt Re Lt MCB 


oer eb 


Example I. Differentiate 3z?+'7 with respect to x. 


ad , [s(e+ox)? +7) - [3x? + 7] 
d (32? +7) = OY Mannan cali bc 6 ae | 
" [B(@"-4 Bebo + (S0)41-47] Bato 
Ox 
Lt 00 8% + 3(5x)? 
6x 


= Lt [6x +362], provided dx + 0, 
= 62. 


II. ] DIFFERENTIATION 


wal 
Bzample II. Find + (=): 


] ) 
a7 kL e+su x 
dx S) sa—>0 Ox 


_ 7, ©—(*%+ 6x) 
ees 05 Ox 


ba 
se cea ae Sa 


1 f 
=Lt— zw? +0. 0x’ provided Ox ee 0, 


meet 
EXERCISE III. a. 
1. (i) Simplify 5(a” + da) — 5a. (ii) Find oe (5x). 


2. (i) Simplify (w+ax)*—2% (ii) Find © (2%). 

8. (i) Simplify [5(a + dx)? — 3(a + 6x) +7] —[5x? -— 3x47]. 
(ii) Find a [5a —3x+7]. 

4, (i) If f(w)=(1+2)?, what is f(~+ 6a) ? 
(ii) Find aie +2), 

5. Differentiate x(1+.2). 
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6. Differentiate (i) x2; (ii) 3~2; (ii) 7x2, and write down the 


d 2 
value of qq; (100% \ 


7%. Differentiate (i) x*; (ii) 4a*; (iii) 5v3; and write down the 


d 3 
value of Ig (29% ). 


8. Given that Lt 


dx—> 0 


(i) Z (at); (it) & (1028). 


(x + da)* — a4 
a 


9. Given that fas = 5z', write down the values of 


(i) £ (128); (ii) a (x5 +7), 


= 42°, write down the values of 
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10. Given that # x* = 6x5, write down the values of 
dO SAL ECE aad 
(i) dg (te) (11) dg 0 ~ 5 (111) da (© ~ 2°). 


11. Express in the limit form the fact that oan = 1D ee 
12. Use the facts that 
am \8 es 
AIUD rang ey =2%r, and Lt (a + dar)® — a8 
sa—>0 6x ba—>0 x 
to write down the values of 
2 3 a2 

Gans [(a + da)? + 2(x% + dx)?] —[a eel, 

da—>0 Ox 


(ii) (30% 403); (iii) © (303 + 4a? +8). 


a Fe 


13. Express as limits 
G) Spe); Gi) Zoms — i) Z 13A(@)-5G@))- 


If © f(a)=u and fla) =v, what is £ [3f(2) + 5h(x)] ? 


14. Find 


(i) ia) (il) o © (5x) (ili) 5 £ (3x x 52) 3 (iv) = © (30+ 52). 


d 
Is S (32 x 5x) equal to dz (2) x i. (5x) ? 


d d d 
Is dg (8% + 5%) equal to dx (3%) + ag (5a) ? 


: mee d d d ; 
15. (i) Express as limits As (327) i le (5x3) ; am (3a? + 5x8) ; 
d d d ; 
ABS (3x? = 5x3) = as (3x? x 5x?) : ae (528 +37), 


i d d 
(ii) Is da (80) = 3 Ge, (w?) 2 


ma d ~ d d 

(iii) Is dz (2% + 5a?) =3 s(x?) + 5 (au?) 2 

: d d d 

(iv) Is ae (3a? x 5a) = Or AEs) x bi (2Pyr 
d 


(v) Is (508+ 802) <5 4 (at) 23% ryt 
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16. What general formula covers the following facts ? 


v= 20: on, eee hid Mob ie es — at, 
dx 


dx da 
17. What general formula covers the following facts ? 


d... jaya BP are ee: ant 
(Ta) =7 5 (at) 5 (Mat) = 11 F (a4); a(=)= 93-7 (-). 


18. What general a covers the following facts ? 


d d d d d 
a (@? +29) = (a4) + = £ (a) 5 yy (Te? — Mas) = — (Tx) — (118). 


aaa Take simple functions for f(x) and (a) to show that 
£ Uf (2) x $(x)] is not equal toa g Tet (*) x £2). 


20. Write down special cases « the general formula 
$ 


ye") = =nxr-l 


when n equals (i) 8; (ii) oe (111) 0 Ins) (tv) 1-33 3° Gv) 1 sv) 0% 
(vii) 8; (viii) $5 (ix) —$; (x) —m. 
aly Tivo; find 6y when'y=2, 6¢=—0-1. 


22. li y=, find 6y when x=3, dx=}. 


2oecluy =": find oy when (i) 71; 6v=0;1; (u) a= dr = 0-018 
24. If y=—3x?, find 6% when x=2, d6y=0-1. 
25. If y=x? +2, find dy when x= 10, du= — 


SUMMARY OF RESULTS. 


(i) es (x) =na"-1, where n is integral or fractional, positive 


' or negative. 


il) £ (0) =0, if C is any constant, 2.e. a number 
independent of 2. 

ili) i (Cx) =0 2 (am) 

CU) oe ead 


=Cnx"—1, where C is any constant. 


Gv) $e) £6@1=£@O1E 4,141 


4) CALCULUS fora. 


aay \. a 
Example II. Find & (aye =e ); ag (V2): 


ec" 
Since ae (aya na! 
dx 
(i) Putn=1,  %. Cpa lattae=l, 
: d (w+ 8x) —x 5x 
: imply, -=—(x Lt Lt —=1 
or, more simply nes ) ane 5 5 
d 1 da —2) _ —2-1 __ -3 -3 
(ii) Put n= -2, = :)= dx\™ )= -2 = -2¢°%= 2x 
1 2 
re <p amnes: 
eis d 7 A PL th Bab oe Soa al 
iii) Put n=}, £ (yn) =" (a4) = 408 tile 2 
pial UST! LY tea 
2 gt 2 Ve Ane 
d 2 
Example IV. Find a5( 32" —7x%+5—- =): 
. Ss Pe ae! d (2 
The i ost fog aaeavele (bys “ia 
=3© (at) — © (2) +0- 2 © (a) 


= 3(4x3) — Pt ate nee m, 
= 1293 —74 22-2 


Sie ee 
x 


After a little practice, most of the intermediate steps in 
the working can be omitted. 


SUCCESSIVE DIFFERENTIATION. 


NEG pies Ee ae 
aga 5 (S08) = 4 5 (x8) = 4 x Bat = 12a 


For the sake of brevity, a GE is written et this symbol 


is called the second differential coefficient of y with respect to x. 


It DIFFERENTIATION 4] 


d?s d /ds 
Similarly dP is short for dt ( ai)” 


Example V. Find =, oa pa (Be +4 —7). 
© (Bat + dar - Be ony 3 > (4%) — (1) =60 +43 


(307+ 4 —7) = (6x +4) =6. 


EXERCISE III. b. 


Differentiate with respect to x the expressions in Examples 
1-30. 


La, Ze L078. 3. Sane 4, a 
x x 
5. 2 6. a 16 30? = 20. 8. iat- 2, 
x x 
Qigtsent. 10. (5z)°. 11. (1-2)? 12. oN 
13. ax. 14, 2. 15. —. 16. bx. 
1 0 3 
es VS a 18. Ja" 19.2: 20. ee 
es 2 10 | ! 4a 
21: gt! —R. 22. riser 23. Ta? —2ae—-—5. 24. gre é 
jad 6 A oat al E 
25. 3x4 pe eee 26. Bac + 32 VS terse 


2 

27. (e2+1)(e+2). 28. (v+2). 29. 2, 80. a 
a 

31. If y=32?+5, find Ae when «=1, 

82. If y=1+ 2x —«?, find oo when w= — 2. 


33. If y = 2a3 — 94? + 12a, find the values of x for which cys 0. 


dx 
dey ie: d*y 
34, If y=7x3 — 9x, find dak” 30.11 yaa, find dx? 
> ge, 
36. If y= 6x’, prove that x ae 2y. . 


dy _ 2 


37. If y=a (1-2), prove that 1 eats 
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i oe that Y. MY = 189 
38. If y=, prove that ae ieee 18 
39. If s=100¢ — 1627, find an and ave t=1 and ¢=0. 


40. If y=7a*, express (i) 2y. A: ; (ii) os (y?) in terms of a. 


41. If e z=3+5xz, express in terms of 2, (1) ee (ii) se 


dy dy dz 

(il) y; aie a ; hence show that Nae ie 
42. If y=z+25, z=1+42?, express in terms of 2, (i) a (i1) ae 

ew nedgy dy dy dz 

(iii) y3 (iv) Tei hence show that amass: 
43. The cubical elasticity of a fluid is equal to —v es where 


the volume v and the pressure p are connected by the equation 
pv=c (a constant). Simplify this expression. 


44, The radius of the circle which approximates most closely 
2 


to the shape of the curve ye at any point is 


dy\? a d?y 
[1 +(5%) ory 
find its value when x=1. 


TURNING POINTS. 


ce 


A function f(x) is called an “ increasing function ” of x for 
any range of values of « in which, as x increases, the value of 
f(x) also increases. 

It is called a “‘ decreasing function’ of x if, as x increases, 
the value of f(x) decreases. 


=f (x) 


J O x oxi x 
Fig. 29. Fig. 30. 


Figure 29 represents an increasing function. 
Figure 30 represents a decreasing function. 
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If 6x is positive, then dy is positive for an increasing function 
(Figure 29), and éy is negative for a decreasing function 
(Figure 30). 

dy 


: 6 
Since “7 — Lt % wwe see that dy is positive for an increasing 
de ieee ax 


function, and is negative for a decreasing function. 


Fia. 31. 


Figure 31 represents a function which is an increasing 
fusiction for some ranges of values of x, and a decreasing 
function for others. ) 

Thus f(x) is a decreasing function from A to B, and an in- 
creasing function from BtoC. | 

The separating voint B is called a turning point, and the 
value of f(x) corresponding to the point B is called a turning 
value of the function. 

There are two kinds of turning points. 

A, C, EH, ... correspond to values of x for which the function 
is greater than at any other point near it: at these points 
the function is said to be a maximum. 

B, D, F, ... correspond to values of z for which the function 
is less than at any other point near it: at these points the 
function is said to be a minimum. | 


At a turning point, “4-0, for the function is neither in- 


d 


creasing (ice = positive ) nor decreasing (i.e a negative ). 
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EXERCISE III. c. 
1. Fig. 32 is the graph of y=z*. Is y an increasing or decreas- 


ing function (i) from A to O, (i) from OtoB? Is positive or 


negative («) from A to O, (8) from O to B? Has y a maximum 
or minimum value anywhere ? 


yh B 
Hf 
A B 
O ie 
O 25 A 
Fig. 32. Fig. 33." 


2. Fig. 33 is the graph of y=z*. Answer the same questions 
as in Ex. 1. 

8. Fig. 34 is the graph of y=4+3x-a2?. Is y an increasing 
or decreasing function from (i) A to B, (ii) B to C, (ii) C to D, 
(iv) D to E, (v) H to fF? What are the signs of oe for these five 
portions ? Has y a maximum or minimum value anywhere ? 


Fia. 34. 


4. Draw freehand the graph of a function y=f(x) which starts - 
from the origin O, and is such that 


(i) from O to A, y is a decreasing function ; 
(ii) from A to B, “e is positive and y is negative ; 
(iii) from B to C, y is a positive increasing function ; 


(iv) from C to D, el is negative and y is positive ; 


(v) from D to H, a is negative and y is negative ; 


(vi) from # to F, ae is positive. 


Has the function any maximum or minimum values ? 
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5. Draw freehand the graph of a function y=f(x) for which 


(1) @ is negative, y 1s negative "Dis positive ; 


> da 


(il) w is negative, y is negative, ae is negative ; 
(ili) @ is negative, y is positive, = is positive 3 
(iv) w is negative, y is positive, se is negative. 


6. (i) Draw freehand the graph ABCDE of a function y=f(x) 
such that the values of 2 (or the gradients of the 
graph) at A, B, OC, D, Be. are respectively 1, 4, 0, — 4, 


(ii) i ane of a point is C ? 
(iii) Is 2 an increasing or decreasing function for the are 
AC and the arc CEH ? 


d (dy 
(iv) What is the sign of AC 7) oC 


AC and the are CH ? 
7. (i) Draw freehand the graph ABCDE of a function y =f(x) 


such that the values of a (or the gradients of the 
graph) at A, B, C, D, E are respectively —1, —3, 0, 
4,1 
Biwi e 

(ii) What kind of a point is C ? 


d*y 


ax for points on the are 


(iii) Is dy an increasing or decreasing function for the arc 
lax 
AC and the arc CEH ? 


(iv) What is the sign of ay for points on the are AC and 
the arc CE ? 


8. (i) Draw freehand the graph ABCDE of a function y=/(zx) 


such that the values of Z (or the gradients of the 
graph) at A, B, C, D, E are respectively 1, 3, 0, 4, 1. 
(ii) Is C a turning point ? 
(iii) Is a an increasing or decreasing function for the arc 
AC and the are CH ? 


2 
(iv) What is the sign of oe for points on the are AC and 
the are CH ? a 
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9. Answer the various questions in Ex. 8, taking the values 


of Y at A, B, C, D, B to be respectively -1, -}, 0, -}, - 1. 


10. AB, CD, EF, GH are portions of the graph of y=/(zx). 


Fig. 35. 


2 
What can you say about the signs of a and ou for the arcs 
(i) AB; (NIECD |: (1) ae (iv) GH? 
11. Can one of the minimum values of a function be greater 
than one of its maximum values ? Illustrate by a figure. 


12. Can a function have (i) exactly one minimum and two 
maximum values, (i1) exactly one minimum and three maximum 
values ? Illustrate by a figure. 


18. Part of the graph of the function y=/(x) is represented by 
the curve ACBDPQ in Fig. 26, p. 30; copy this freehand, and 
underneath it draw roughly the corresponding portions of the 


dy d*y 
graphs of fi and dx’ 
dy 
dx 
O ~ 


Fie. 36. 

dy | 
dx ’ 
the corresponding portions of the graph of y and of oa ; 


14, Fig. 36 represents part of the graph of draw roughly 
2. 


15. Part of the graph of the function y=f(x) is represented by 

the a ae in Fig. 31, p. 43; show in tabular form the 
: at ; : . 

signs of = and I for ices portions of the graph, and 


: é : ( dy . 
state at which points either dz OF Jaye 18 2080 
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16. Fig. 37 shows the graph of y=a?; the tangent at P meets 
Ox at T; PN is perpendicular to Ox; ON=a2, NP=y; prove 


that (i) ae slope at P=2z; (ii) OT=T7TN. 


N 
x 
v 
y Pp 
Omar ie N % O N Te xe 
Fia. 37. FIa. 38. 


17. Fig. 38 shows the graph of yas the tangent at P meets 
Onrat TT: PN cis paren iow ae 10 OPet ON =2UN Paap oe Brave 


that (i) =e = -—the slope at P=5; SIL) UN = Le 


18. If Fig. 37 represents the graph of y=3x? and if P is the 
point (2, 12), find the length of OT’. 


19. If Fig. 38 represents the graph of y=s5 and if P is the 
point (2, 2), “find the length of OT. a 


20. If Fig. 37 represents the graph of y=x°, prove that 
OT=30N. 


21. If Fig. 38 represents the graph of yas , prove that 
ON=2. OT. 


SUMMARY OF RESULTS, 
For the function y =f (2), 


(i) a= 03 both at a maximum and a minimum. 
ORTH pee is 
(11) da2 8 negative at a maximum ; 


d*y . iis ane 
a2 1S positive at a minimum. 


a _ 
Pe - 
dy - ay + ay + 
\ dx ax? ax 
dy F 2 dy MS J 
dx ay a ax ay 
dx? —=0 
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(iii) 3 changes from + to — in passing through a maximum ; 


dy changes from — to + in passing through a minimum ; © 


dx 

or ou is a decreasing function in passing through a 
¢ maximum ; 
= is an increasing function in passing through a 


minimum ; 


(iv) If oY 0 but does not change sign, there is neither a 


maximum nor a minimum, 


Fiq@. 40. 


MAXIMA AND MINIMA PROBLEMS. 


Example VI. The strength of a beam of uniform rect- 
angular section varies as the breadth and the 
square of the depth. Find the breadth of the 
strongest rectangular beam that can be cut 
from a cylindrical tree-trunk of diameter 20 
inches. | 
Let the breadth be x inches and the depth z 
inches ; 
*, v74+223=20? (Pythagoras) 
= 400. 
Now the strength varies as xz? 
= kuz? = kx (400 —x?), where & is a constant, 


=k(400x — x) ; 
.. the function y= 400z —x3 is to be a maximum. 
ols 400 — 32? ; 
dx 
ag dy _¢ if 400—32?=0 or opt OO a age 
dx 3 


eo. e=4+11-54, 
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2. 
Also =, =~ (400 — 3a?) = — 623 


2. 
& a is negative if x is positive ; 
x =11-54 gives a maximum value for y: 


*, the required breadth is 11-5 inches. 


Note.—Sometimes it is necessary to find the maximum or 
minimum values of expressions which are not in a form that 
can be differentiated by the rules already considered. It 
may be possible however, either to change the form by sub- 
stituting or to avoid the difficulty in some other way. 


Example VII. Find (i) the value of x for which \/z? - 8x +21 


: ae oF ; x—-l. : 
is a minimum, (ii) the value of x for which ———, is a maximum. 


(7+1)? 
(i) Va? — 8x +21 has its least value if a? — 8u +21 is a minimum ; 
; Ct alerene 
a aes 
Eee. — S=O. or v= 4, 


— 8x+21)=2 and is therefore 


: Anh d? 
It is a minimum because dt (a3 


positive. 
ui) Let PR arid ute = 2:5 
y (x +1)? p 
ie Vey 
4 iby eae 
Cpa ek Dy gen hee + 4). 


pedi aeuizta oat} 
. dy 
bepaeal ifz=4 or w+1=4 or v=. 
Clipe on es b218 ae 
pee Ty eg cy kaha 
d*y . 

. for z=4, y is a maximum, since —> de is negative; 

ENB 3, al is @ maximum, 
(x wel? 


D.W.C. D 
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EXERCISE III. d. 


1. Find the values of x which correspond to turning values 
of the following functions ; determine whether they are maxima 
or minima; and sketch roughly the graphs of the functions : 


(1) w*— 22 ; (li) v?+40+43; (iii) 3+ 8% — 102? ; 
(iv) +o (v) wo; (vi) v*—4a ; 
(val) a*—2 ; (vill) v8? —w?-—wv+1; (ix) v?-—3x?-9x+7; 


(x) #§ —-3xz?+ 3xv—-1. 


2. Find the area of the largest rectangular piece of ground 
that can be enclosed by 200 hurdles each 4 feet long. 


8. The parcel post regulations require that the sum of the 
length and girth of a parcel shall not exceed 6 feet. Find the 
volume of the largest box with a square base that can be sent 
by post. 


4. A closed rectangular cistern is to be constructed to contain 
80 cu. feet. It is to be 5 feet long. Find the breadth when the 
total area of its surface is a minimum. 


. 5. The strength of a rectangular beam varies as the breadth 
and the square of the depth. Find the breadth of the strongest 
rectangular beam which has a perimeter of 4 feet. 


6. Find the area of the largest rectangular piece of ground 
that can be enclosed by 200 hurdles each 4 feet long, if an existing 
fence is utilised to form one side. 


7. A box without a lid is to be made from a sheet of metal 
of negligible thickness and is to have square ends; it is to hold 
44 cu. feet. What is the least area of metal required ? 


8. For a steamer travelling v knots, the cost of the coal is 
2 
£ 3 per hour, and other expenses amount to £8 per hour. What. 
is the most economical speed for a journey of 200 nautical miles ? 


9. An open gutter of rectangular section is formed out of a 
long rectangular strip of sheet iron 9 feet wide. Find the maxi- 
mum area of the cross-section. 


10. A is 8 miles north and B is 6 miles east of a point O. Two 
men, starting at the same time from A and B, walk towards O 
at 4 miles an hour. If their distance apart is x miles after ¢ hours, 
prove that x2*=32¢? —112¢+100, and find when they are nearest 
together. 


11. A rectangular sheet of cardboard is 8” long and 5” wide. 
Equal squares are cut out at each of the corners and the remainder 
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is folded so as to form an open box. Find the maximum volume 
of the box. 


12. Given mr2h=5, find the value of r for which 2rr?+ 2xrh is 
@ mininum. What geometrical problem corresponds to this 
question ? ; 

13. A particle projected in a resisting medium is finally brought 
to rest: it travels s feet in ¢ seconds, where s=6t¢—4t3. How far 
does it go ? 

14. Using the data of Ex. 3, find the volume of the largest 
circular cylinder that can be sent by parcel post. 


15. If a very thin rod one foot long swings like a pendulum, 
the expression x(1—2)? measures the tendency to break at a 
place x feet from the point of suspension. Find where the rod 
is most likely to break. 


16. The perimeter of a sheet of metal in the form of a circular 
sector is 1 foot. For what radius is the area a maximum ? 


17. From a circular sheet of paper a sector is removed and the 
remainder is folded to form a circular cone. What fraction must 
be removed in order to give the cone of maximum volume ? 


18. A rod one foot long is cut into two pieces to form the 
hypotenuse and one side of a right-angled triangle. How must 
it be cut to give the triangle of greatest area ? 
4h — 3h? 

3+4h ’ 
h is the tangent of its pitch. What is the greatest efficiency ? 
[Put 3+ 4h=z.] 

20. Assuming that the rigidity of a rectangular beam varies as 
its breadth and the cube of its depth, find the breadth of the most 
rigid beam that can be cut from a cylindrical trunk of diameter 
3 feet. 


21. A cylindrical vessel is open at one end and closed at the 
other ; for a given surface, prove that the volume is greatest if 
its height equals the radius of the base. 

22. A skeleton box with two square ends is formed with 12 
pieces of wire, and four other pieces of wire form an equal square 
round the middle of it. The total amount of wire available is 
one yard. What is the maximum volume of the box ? 


23. A piece of wire 2 feet long is cut into two parts, one of 
which is bent to form a square and the other a circle. If the 
sum of the areas is a minimum, find the radius of the circle. 


24. If 2x+y=5, what is the greatest value of 7? + 3xy+y? ? 


19. The efficiency of a screw of certain material is where 


ae me ofS 
25. What is the greatest value of aed 


26. What is the greatest value of 


eu ar aee 
(x? + Lite 
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27. Find the minimum value of | ~ ag 
28. Find the radius of a circular cylinder which is cut from a 


sphere of radius 10 inches so that 


(i) the volume of the cylinder is a maximum : 
(ii) the curved surface of the cylinder is a maximum. 


29. P is a variable point on the line ABC; AB=2”, BC=3". 
Find the position of P for which PA?+ PB*— PC? is a minimum. 


30. ABC is a triangular field right-angled at 4; P, Q are points 
on AB, AC such that a fence from P to Q bisects the field. If 


wp 30, AC =b, APaa' Oy yards 
a SW 


express y aS a function of a. If 
eo 


a= 625, b=800, find the length of AP 
a 


in order that the fence may be as 
short as possible; find also the length 
of the fence. (C.8.C.) 


31. ABCD is a rectangular sheet of 
cardboard (see Fig. 42) from which the 
shaded portions are removed. ‘The 
remainder is used to make a closed 


A 


box, as shown in the figure. If C 

AB=a, BC=b, AP=«a inches, find Fa. 42, 

the volume of the box in terms of a, b, x; if a=6, b=12, find 

the value of x for which the volume is a maximum. (C.S.C.) 
APPROXIMATION. 


Figure 43 represents the graph of y =f(zx) 


With the usual notation, 
the slope of the chord PQ is a 


the slope of the tangent PH is e : 


These are obviously not equal to each other, 
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But dy does equal the limit of °y , when 6x > 0. 
dx Ox 


And we may say that 


dy °Y , when 62 is small, 
dx ox 


or ay x 6%, When 62 is small. 


The smaller 6z is, the nearer the slope of the chord PQ is to 
the slope of the tangent PH. 

Hxuample VIII. Wf y=x?, what is the error in the approxi- 
dy 


mation y=. x oa 2 
Now y + dy =(«+8a)?; 
“ Yt dy=x? 4 Qe. 84+ (dz), 
but ier 
SP) OY = 22 2 OLE (Ov)? 
UMBC ete era 
But Ae a a 


a sy od x $a with error (dx)?. 


The relative size of the error may be seen in a figure. 
If y =2?, ysq. inches is the area of a square of side x inches, and 
(y+6y) sq. inches is the area of a square of side (x + 62) inches. 


“6x 


Fig. 44, 


In taking dy equal to H x 6a or 2a 5a, we are supposing its 


value is the sum of the two rectangles and neglecting the 


small shaded square in Figure 44. 
Suppose a is 1” and oz is 0-1", the error is 0-01 sq. in. 
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EXERCISE III. e. 


1. Find the error in the relation dy = 2 x da if 
(i) 9 = 6273 a) yy =z". 
2. The area of an isosceles right-angled wisn of side x inches 
is A sq. ins. 


(i) Find geometrically the value of 5A in terms of 82. 


(ii) Express A in terms of x, and evaluate 3A — ae xox. 


& 
Fia. 45. 


8. (i) Find an approximate expression for the increase in area 
of a circle when the radius increases from r to r+ 6r. 
(ii) Illustrate the result geometrically. 
(iii) Find approximately the difference in area of two circles 
of radii 10” and 10-01”. 


4. The radius of a spherical soap bubble increases from 1” to 
1:01”; find approximately its change of volume. 


5. A body travels s feet in ¢ sec., where s=10¢—24°; find an 
approximate expression (i) for ds in terms of dé, (ii) for the distance 
it moves in the interval of time ¢=2 to t=2-1 

6. A gas at constant temperature under 4& pressure of p lb. 
per sq. inch occupies v cu. inches, where pvu=c (a constant); if 
the pressure is increased from p to p+ 8p, find an approximate ~ 
expression for the change of volume. 


7 Two telegraph posts of equal height are at a distance 


Fia. 46. 


21 feet apart. When the sag at the mid-point is x feet, the length 
of wire exceeds the distance between the poles by y feet, where 
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2 
y= F;- Find an approximate value for Sy in terms of 3x. What 


does this mean ? If the distance between the poles is 30 yards, 
what is the effect of increasing the sag from 10 inches to 11 inches ? 


8. At sea-level, water boils at 212° F. At a height h feet 
above sea-level, the boiling point is lowered ¢ degrees, where 
h=520t+#2; find approximately the difference of heights of two 
places where the boiling points are 200° and 201° F. respectively. 


9. The perimeter of a circular pond is measured as 1321 yards ; 
assuming this is correct to the nearest yard, what error may 
be expected in the area of the pond when calculated from this 
result ? 


10. A beam AB 30 feet long supported at each end is just 
strong enough to carry a load of M tons placed at a point P on 


1 keel AP 
the beam such that M= i0(# +z +5) where ppa Express 
8M in terms of k and 8k. What does this mean? Find 
approximately what change in the load may be necessary when it 


is shifted from a point 5 feet from A to a point 6 feet from A ? 


11. Fig. 47 represents the graph of y=2?, unit 1” on each axis. 
If ON =a, it can be proved that the area bounded by ON, NP 
and the arc OP is A=1}z' sq. in. Find approximately 5A in 
terms of 5x, and interpret the result geometrically. 


ung 


O N # 
Fig. 47. 


12. In Fig. 48 OP is the graph of y=iv; a circular cone is 
obtained by revolving OP about Oz. If ON=«z and the volume 
of the cone is V, prove that V= 477°. Find approximately 6V 
in terms of 6x, and interpret the result geometrically. 


18. The bowl of a wine-glass is formed by revolving the graph 
of y=x? (see Fig. 47) about Oy. It can be proved that when 
the depth of wine in the glass is y inches, the volume is V=3}ry? 
cu.in. Find approximately 6V in terms of dy, and interpret the 
result geometrically. . 
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14. If the depth of water in a hemispherical bowl of radius 
a in. is x in., the volume of the water is V=na*(a—3) cu. in. 


Find approximately 5V in terms of 8x, and interpret the result 
geometrically. 

15. lf y=z> and z=1+4+ 32, (i) prove that dy52*. dz; (ii) 
express 6z in terms of dx; (iii) express dy in terms of @ and 6x ; 
: dy d i 
(iv) hence find Ag and a (1+ 3x)5. 

16. If y= +/z and z=1+2?, (i) express dy in terms of $2 and 
dz in terms a 6x, and so find a relation between dy, dx, x; 


(ii) hence find | o (vIsa +2x?). 
i Re Pe BR ey al z=x2°—x+7, (i) find a relation between dy, 
6x, x; (ii) hence find i 7 L(? —x+7)?]. 


1Scc tf y= oe hes aoe 5, (i) find a relation between dy, dx, x; 


(ii) hence find ae Alesse 3a 5) as 
19. Ifw=y?, and if y is a function of «, (i) find a relation between 


du, dy, y; (ii) hence express = in terms of ee ; (ill) prove that 
dy 
andl fy) ea ets 
de UU") = Y sae 
20. If V cu. in. is the volume of a sphere of radius r in,, then 


V= arr, The radius of a sphere, which is expanding, is r in. after 
t sec. ; (i) express 8V in terms of r and 5r; (ii) find a relation 


dr 
between de? di and r; (iii) interpret this result. 


RATE OF CHANGE. 


Example IX. <A vessel is in the shape of a circular cone of 
semi-vertical angle 45°. Water is poured into it at the rate 


Fia. 49. 
of 10 cu. in. per sec. At what rate is the level rising after 
4 seconds ? 
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When the es is h in., the surface of the water is a circle of 
radius h in. 
.. the ai of water in the vessel is 


V =4h0h? x h=4nh’ cu. in; 


oe BY, x 3h27=Th? $ 


dh 
*. OV=th?*. oh. 
Suppose the volume increases from V to V+ 8V in 8 secs. 
Then dV =10. dé; 
th? . Sh-10. dt; 
sh_ 10 
St 7h?" 
Now, when ¢=4, V=40; 
*, inh? =40;3 
2°0792 
. pe = 129 ; 0°4971 
™ 3/1°5821 
0°5274 
chy He = = 3-368; ar 
Sh 10 ait 
3x (3°368)? 10000 =: 10548 
1°5519 0°4971 
= 0-2806 ; 1°4481 1°5519 


”. the level is rising at 0-28” per sec. approximately. 


EXERCISE III. f. 


1. The temperature of a metal cube is being raised steadily 
so that each edge expands at the rate of 0-01 inch per hour. At 
what rate is the volume increasing when the edge is 2 inches ? 


2. The cross-section of a trough is an isosceles right-angled 
triangle: the trough is 10 feet long. Water is poured into it at 
the rate of 5 cu. feet per sec. Find the rate at which the level 
is rising after 8 seconds. 


3. The area of a circular ink-blot starts from zero and grows 
at the rate of 4 sq. inches per sec. ; at what rate is the radius 
increasing (i) when the radius is 1 in., (ii) after 3 seconds ? 


4, A man 6 ft. high walks towards an electric are street light 
at 32 miles an hour; the light is 24 feet above the level of the 
street. Find the rate in feet per sec. at which his shadow 
diminishes in length. 
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5. A certain quantity of gas is contained in a spherical 
envelope of volume v cu. in.: the pressure is p lb. per sq. inch, 
where pu=25. The radius of the envelope increases at the rate 
of 2 in. per minute; find the rate at which the pressure is altering 
when the radius of the envelope is 5 inches. 


6. A wine-glass is shaped so that poe the depth of wine in 
it is y inches, its volume is ty‘ cu. in.; wine is poured in at the 
rate of 2 cu. in. per sec.; at what ie is the level rising when 
the depth is 2 in. ? 


7. The candle-power C of an incandescent lamp and its voltage 


6 
V are connected by the equation ep a Find an expression 


1011 ° 
for the rate of change of candle-power per unit increase of voltage, 
and evaluate it when V = 100. 


8. ABC is a triangle right-angled at C; P is a point on AB; 
PNCM is a rectangle with its corners N, M on CA, CB; CA=3, 
CB=4, AP =z inches ;x P moves from A to B at 2 in. per minute ; 
at what rate is the area of the rectangle increasing after (i) 60 sec., 
(ii) 75 sec., (i11) 90 sec. ? 


9. A cube is expanding so that its volume after ¢ minutes is 
1000 + 0:2¢+ 0-01é? cu. inches ; at what rate is its edge increasing 
in length after 10 minutes ? 


10. Sand is dropped on the ground at a steady rate of 10 cu. in. 
per sec. and forms a conical pile whose height remains equal to 
the radius of its base ; at what rate is the height increasing after 
5 seconds ? 


11. A bowl 5 inches deep is shaped so that when the depth of 
water in it is x inches, the amount of water is 87+? cu. inches. 
Water is poured into it at the rate of 4 cu. in. per sec.; at what 
rate is the level rising when the depth is 3 inches ? 


12. The volume of a spherical envelope is increasing at the 
rate of 2 cu. cm. per sec. ; at what rate is the area of the surface - 
of the envelope stretching when the volume is 100 cu. cm. ? 


13. The volume of a circular cylinder is constant and equal to 
150 cu. cm.; its height increases at the rate of 1 mm. a sec. ; 
at what rate is its radius altering when its height is 3 cm. ? 


14. The heat required to raise the temperature of 1 gram of 


3 
105" + {97 


The specific heat is the rate of increase of the quantity of heat 
per degree rise in temperature. Find the specific heat at 60° C. 


water from 0° C. to #°C. is Q units, where Q=t+ 


15. Water runs out of a bath at a rate proportional to the 
amount in the bath at any moment. Originally the bath contains 
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30 cu. feet of water; if ¢ sec. later Q cu. feet have run out, 
express the data of the question by an equation. 


SuMMARY OF RESULTS. 
(i) An approximate value for 
f(u+8x)—-f(x) is £ f(x) Or 


(ii) If in calculating the value of f(x) there is a small error 
dz in the value substituted for x, the error in the result is 


approximately ee f(x) x 8a. 
a If a distance x feet is described in ¢ seconds, the speed 
is Gan * feet per second. 


olf y is a function of x and ~ is a function of ¢, the rate at 
which y increases is given by 


dy _dy dx 
CL Oem ae, 
a Y ot 
for oy dn ® da and baa x 6b. 
(iv) The formula oY 5 is is used to differentiate 


complicated functions ; 
eg. ify=1/~e and x=3i?—-85, 


then nem 

_dy dy _ dx 

. 2 
and T(V3P— 6 ap ee eae 
d iai9 
=F (yx) x5 (31 i), 
= 575 * Ot 
3t 


REVISION PAPERS. K.1-12. 


K. 1. 


1. Soundings are made on a sea-shore at low tide to discover 
the shape of the sea-bottom, and the following measurements are 
recorded : 


Distance from low water mark in 
yards 3 2 2 - - 50 | 100} 150} 200 | 250 | 300 


Depth of water in fathoms - Pe Oera 2 4 |45) 5 | 51 


Draw a graph to illustrate these figures. 

Estimate the average gradient of the sea-bottom 
(i) For the first 300 yards out. 

(11) Between points 100 yards and 250 yards out. 


(ii) Draw a tangent and find the gradient at a point 150 yards 
out. [1 fathom=6 feet. ] 


2. Find the value of (i) Lt 5 lat h)?+4(a2+ h)—a*- 4a}. 


h—0 


a 1 1 ] 
) Lee apenas 
3. Find, by any method, the gradient of the graph of the 


function «3— 5a 
(i) At the point where z=1. 


(ii) At the point where x=a. 
4, Sketch roughly a graph of the function (#— 2)?(a- 4). 
M 


Ae oa — ‘iG: eels 


5. In Fig. 50 AS is a constant length a. P is a variable point, 
PNAM is a rectangle such that PS=PM. If PN=y and 
NS=zx, find an equation connecting x and y, and express y as a 
function of «. 

60 
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K. 2. 
1. Draw roughly with the same axes, the graphs of 
(i) y=3-2. (ii) y=5-2@. (111) Go: 


What are the gradients of these lines ? 


2. Differentiate the following functions with respect to x: 


(iy 47-327. (ii) 34+ 4a- 322, 
(ii) 64+ 4a—- 32. (iv) a+ 2a. 
tv)! Oar (vi) 8,/@. 


3. (i) Find the gradient of the graph y=7+6x+ 3a? at the 
point x=2. 
(ii) At what point is the gradient equal to 1 ? 


4, y is known to be a function of x of the type ma+c, m and ¢ 
being constants. If y=43 when w=17, and y=34 when z=14, 
express y as a function of x. 


5. A flexible rod AB is built into a wall at A and supported 

at 6; its length is J in. and the sag x in. from A is y in., where 
nde! 

4~ 10 


Find the value of x for which the sag is greatest. 


x? (lL—a) (31-22). 


K. 3. 
1. Find dy (i) when jet eek 
, dx ao” 
(ii) when y= 16x73 — 4x74 2x-5, 
(iii) when y=5a?+274. 
2. Find the gradient at x=a of the graph 
y=x3 — 6x? — 15x+ 5. 


Find for what values of a the eradient of this graph is zero. 
Sketch the graph roughly. 


_  §. The distance, s feet, of a particle moving in a straight line 

from a fixed origin is given by s=4+ 6¢+ 327, where ¢ is the number 
of seconds for which it has been moving. Find its velocity, 
(i) 2 seconds, (ii) 10 seconds after it started. 
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4, A particle moves in a straight line in such a way that its 
velocity after any time ¢ varies inversely as its distance x from the 


origin. Write down a differential equation connecting 2 and 2. 


5. If f(x)=2° - 5x?+ax+7 and if f(y+a) when expanded contains 
no term in y?, find a. 


K. 4. 


1 1 
(pny? 229? 
1, Find the value of (i) Lt {qe a2] ; 


h—0 h 


n+] 
FLEES Orr ey Qn2+1° 


2. Differentiate the following with respect to x: 
aS a Ha we 1 
(i) V6a. (ii) 6Vx. | (iii) -3. (iv) o?+—4- 


38. For what values of x is the function 2*— 12% equal to zero ? 
Find its derived function and find for what values of w the derived 
function is zero. From these data sketch a rough graph of the 
function. 


4, There are 15 cubic feet of water in a bath. The water is 
allowed to run out, and after ¢t seconds 6 cubic feet of water have 
run out. If the rate at which the water runs out is proportional 
to the quantity of water left in the bath, find a differential equation 


connecting . and 6. 
id 


yN 
O \ A a 
Fig. 51. 


5. Fig. 51 represents the graph of y=/(x), unit 1 em. on each 
axis; describe in general terms the variation in the values of 


neers, AY lei aay : 
(i) y3; (i) dz? (iii) dae 28 © Varies from 0 to OA. 
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Ko: 


1. (i) Describe the changes of sign in the function aes 
when « increases from — 1 to 6. (w—1)(a—5) 


(ii) Find correct to one significant figure its value when 
x=1-0001. 


(iii) Can you find a value of x for which the function equals 3 ? 


(iv) Find by logarithms the value of the function when 
Z=1000. 


3(a@— 2) (x%— 4) 
(w—1)(x-5) 
3(x— 2) (x— 4) 
x—>0 (x- 1) (%—- 5) 
(vi) Sketch the graph of the function for positive values of a. 


(v) Simplify — 3, and evaluate 


2. Differentiate the following functions of ¢ with respect to ¢: 
(i) +5. (ii) 88—4¢-145¢-2, . (iii) Bet. 


3. Differentiate the function x®-27x. For what values of x 
is its rate of change zero ? What are the maximum and minimum 
values of this function? Sketch its graph. 


4, The weight of a certain solid is given by the formula 
10v?(15- 22), 


where 2 is variable. Show that as x increases from 0 to’ 5 the 
solid gets steadily heavier. What happens after that ? 


5. If f(~)=x?+ 3a, find the value of 
. f(e+h)—f(x) 
(i) h i 


. f(x+h)—f(x)— {f(x)—-f(a—h)} 
(11) he : 


Find the limits to which these two expressions tend, as h—0. 


K. 6. 
1.) (i) de ti always equal to x+1 ? | 
(ii) Can you find a value of x for which — : equals 2 ? 
Gay ind hevalaeonie 


r—>] e— 


64 CALCULUS 


2. Find the turning points of the function «+ 3x?-9x+ 6, and 
determine whether they are maxima or minima. 


8. Show that the function 2°+5x7-6 steadily increases as 
«x increases from —o to +o. 

One root of the equation x°+5x2-6=0 is x=1. Show why it 
cannot have another real root. 


4, A piece of wire 8 inches long is bent so as to form a rectangle. 
If one side of the rectangle is x”, express the area as a function 
of x, and find the value of x for which the area is a maximum. 


5. The distance, s feet, that a stone falls is proportional to the 
square of the time, ¢ seconds, for which the stone has been falling. 
Express this fact as an equation connecting s and ¢, and prove 
that the velocity of the stone varies directly as the time for which 
it has been falling. 


LP 


1. Differentiate the function 5-3x-2z>? and show that the 
function steadily decreases as 2 varies from -# to +o, and 
that it can only be zero, when x=1. Draw roughly the graph of 
this function. 


2. A particle moves along the straight line OA. B is a point 
on OA such that OB=5 feet, and the particle starts from B and 
moves away from O in such a way that its velocity is proportional 
to its distance from O. If its initial velocity is 10 feet per second, 
dx 
dt 
from the starting point B, and ¢ seconds is the time for which it 
has been moving. 


find an equation connecting — and a, where ~ feet is its distance 


3. The volume of a cone is 477A and its curved surface is zr, 
where r is the radius, fh the vertical height and 1 (=Vh?+r?) the 
slant height of the cone. A conical tent is to be made to hold 
400 cubic feet of air. Express its height as a function of r, and 
then express its surface S as a function of r. Find the value of S, 
if r=7. For what value of ris S least ? 


4. Draw a rough sketch of the graph of the function 18z?-~24, 
and find its maximum and minimum values. (Certificate. ) 


5. If y=2a? and x=3z+1, express (i) dy in terms of dx; (ii) dx 


in terms of dz; (iii) dy in terms of 6z. Hence find a 
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K. 8. 


1. Tabulate the values of the function ote, as x varies from 


-4 to +4. Draw an accurate graph of this “fonction, and read 
off the values of x for which this function is a maximum or 
minimum. 

Verify your answers by differentiating the function, and 
calculating the values of x required. 


2. Draw a tangent to your graph (Question 1) at the point 7=3, 
and estimate its gradient. Check your answer by calculating 


the value of oe, Y when wea. 


dx 
dy d*y 
3. Find is and 2’ 
(i) when y= 3a3-— 7x ; (ii) when y=5ax?-4 ; 
(iii) when y=72+ 6 ; (iv) when y=5 ; 


6 
(v) when UF 


4, Draw a rough sketch of the graph of the function 75x - 423, 
and find its maximum and minimum values. (Certificate. ) 


5. A rectangular plate 20 inches long and 3x inches wide has 
a circular hole, radius x inches, cut out of it. Express the area 
of the remaining portion as a function of x, and find the value 
of x for which the area remaining is a maximum, 


Ko. 
1. If y=ax?+ bx, prove that 22 Yon WY 49 =( 
ae dx? Fi eae 


2. The sides of a triangle are 5, 5, 2% cm.; its area is A sq. 
em. Express A as a function of x; and find the maximum area 
of the triangle. (C.8.C.) 


3. Ox, Oy are horizontal and vertical lines: the graph of y=2? 
-represents a hill side on the scale, unit for x-axis=100 yards, 
unit for y-axis=1 foot. What is the average slope of the hill, 
fatromrt—l, tO.¢-—25/()iirom v=1 to e=1'1 3 Gijeirom ¢=—1] 
to x=1+h? What is the gradient of the hill at x=1? 


D.W.C. E 


\ 
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4, A, B, C are three points on Ox ; APB is a semicircle above 
Ox and BQC a semicircle below OX ; the two semicircles form 
part of the graph of y=/(x). Describe the changes of sign of 


2 
dy and vy between A and C. 


dx da? 

5. An open cardboard box with square ends is fitted with an 
overlapping lid which covers the open top, the whole of two 
square ends and one other side. The total area of the cardboard 
is 8 sq. feet. What is the maximum volume of the box ? 


K. 10. 


1. The electromotive force of a certain type of cell has been 
found to vary with the temperature as follows : 


Temperature (Centigrade) 15 20 25 30 


E.M.F. in volts - ~ -; 1:-4840 | 1-4284 | 1-4233 | 1-4188 


What is the average fall in E.M.F. per degree of temperature, 
when the temperature rises from (i) 15° C. to 30° C.; (ii) 15° C. to 
25° C.; (ili) 15°C. to 20°C.? Illustrate the table by a graph, 
and by drawing a tangent estimate the rate of fall of E.M.F. at 
20° C. 
x3 — 

x 


2. Find 9 Tee hap De 


3. If a steamer travels at v knots, the cost of a certain journey 
is 8 (a 0-402 Je, What is the most economical speed ? 


4. For what values of a is the function 108x- <4, (i) positive, 
(11) an increasing function, (ii1) a maximum ? Sketch its graph. 


5. A closed vessel which tapers to a point at its top and bottom 
is such that when the depth of liquid in it is x feet, the volume of 
the liquid is 12”%-az* cu. feet. Find (i) its internal height ; 
(11) the area of its cross-section halfway up ; (ii1) the total volume. 


K. 11. 


1. A bullet fired vertically upwards rises s feet in # seconds, 
where s=500¢- 16é. (i) Find its height after 10 sec., 11 sec., 
10-1 sec. ; (i1) What is its average speed in the intervals 10 to 
11 sec. and 10 to 10-1 sec. ? (i) What is its average speed 
Hn the interval 10 to 10+ sec. ? (iv) What is its velocity after 
10 sec, ? ; 
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2. Use logarithm tables to evaluate «xx é(log x)+éxr, when 
fee 5, Se= Ose — 1, Oe=— 0-1; Ol) eee 0-1, 

What do you infer from these results ? 

3. Draw freehand the graph of a function y=f(x) for which 


dy . 


(i) over a portion AB iis is positive and —% ae a is negative ; 


dx 
< : dy . ete dyn Me, 
(ii) over a portion CD dx negative and dine 8 positive. 
4. A circular electric current of radius 1 foot exerts a force P 
on a small magnet placed with its axis perpendicular to the plane 
of the wire and at a distance x feet from the centre, where P 


ae 
varies as ————-. For what value of z is P greatest ? 
(1+ a7)? 


5. ABP is a triangle, right-angled at B, having AB>BHP; 
AB=12’ ; the perpendicular bisector of AP cuts AB at Q. Find 
the length of AQ if triangle PBQ is of maximum area. 


| K. 12. 
1. If zy=5, find 
eile ; oH as 3 : Me waminat oe 
(i) 4 dx iD terms of x; (i) a in terms of x; (11) sie aaa 


2. What is the greatest value of 3x —5x?y if cy2=4 and y is 
positive ? 


3. li f(v)=x?- 3x+ 5, (1) express AE in terms of v7, h; 


(ii) find the limit of this expression when h-0; (iii) for what 
value of x is this limit zero ; (iv) interpret the results of (i), (ii), 
(11) geometrically. 

4. If "=; and z=1-a?, (i) express dy in terms of z, &; 


(ii) express 6z in terms of x, da; (iii) express dy in terms of a, da; 
int (cha) 
an dx \1— x? 


5. The function y= Bar+ = decreases as x increases from 0 to 5, 
and increases as x increases from 5 to 10. (i) What is the value 
of a ? (ii) what is the value of oe 5 when #=5 and w=~— 5 ? (iii) find 


maximum and minimum values of the function, distinguishing 
between them; (iv) explain your results by a sketch of the 
function, 


CHAPTER IV. 


INTEGRATION. 
Example I. If = =x" +7, express y in terms of x. 
We know that Lae = Bat 5 
(= 
Also = (ian 


a o (ja + Ta) a8 +7 ; 


*, one value of y is given by y=40°+ 7x. 


But < (a8 +7x—99) is also x?+7, 
or S (ja! + To + 24) is also x?+7, 
because £ (any constant) is 0. 
*. y=ix3+Tx+c, where c is any constant, satisfies the given — 
equation, and is called its general solution. . 
dy d*y 


Note.—An equation involving —* etc., is called a 


da °* dx? 
differential equation: and the process of expressing y as a 
function of x is called solving or integrating the differential — 
equation. . 

Whenever a differential equation is integrated, an arbitrary © 


constant enters into the result. 
68 
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EXERCISE IV. a. 


; 1. Prove that y =a‘ — 6 is a solution of the differential equation 
= =42*. What is the general solution ? 


2. Prove that y=}0>+ 4v?+3 is a solution of the differential 
equation OY atta. What is the general solution ? 

3. The graph of a curve y=f(x) is such that its gradient. is 
everywhere equal to 27. (i) What is the differential equation for 
the curve? (ii) Prove that y=xz?, y=2?+2, y=x?-—1 are each 
possible solutions, and interpret this result geometrically by 
drawing the graphs. 


4. Prove that y = ;,74 + 97x — 13 is a solution of the differential 


equation ou at, What is the general solution ? 
5. Solve oY a, 6. Solve - = 3x? — 
7. Solve ou 4, 8. Solve oY 0, 
9. (i) What is e ue? (ii) Solve a =a", 
(i111) Solve a == Sa", 
TOMA. Whats a at? (ii) Solve 54 =a". 
(111) Solve ay = 547 — 2, 
11. (i) What is als) ? (ii) Solve oY bal 
(iii) Solve ee a 
12, (i) What is o (=) ? Hiyidolve oY = 
(iii) Solve oY 1 a 
13, (i) What is ie (Vax)? Ai) Solve oy Ta 


(iii) Solve oY = + aaa 


/ xv 


70 CALCULUS formar. 


14. Solve es = 5x? — 32+ 9. 15. Solve ed = 75 — 2+ 3.: 
16. Solve iy, wb | 17. Solve oY = 5 Vz. 
dy dy 

:: Be ne Pp ee = ee pa 
18. Solve x a 3x + 5. 19. Solve a (a ~2)(% — 3). 

2 
20. Solve ee =x? —-2. 21. Solve oY =z Sy 00 a 

dy 


22. If det 2 prove that y=42?-—2x+c, and find c if y=5 


ds 


23. If ape te 32t. and if s=48 when t=2, find s in terms of #. 
24. If oat, and if, when t=0, a5 and s=8, express s in 
terms of f. 


25. If a body travels s feet in ¢ seconds, its velocity after ¢ 


seconds is equal to os Given that o =3+ 41, and that it passed 


a point A after 5 seconds from the start, find its distance from 
A after another 5 seconds. 


26. The gradient of the graph of the function in Fig. 52 is 
given by ws = 3x?— 1, and the graph cuts Oy at a distance 3 units 


from O. Find the function. 
Ih 


-G0 


ei 


A 


x a 
Fig. 52. Fiq. 53. 


27. Fig. 54 represents a uniform lathe OA 20 feet long sup- 
ported at its ends, which are at the same level. Bending slightly 


under its own weight, its form obeys the law oe = = 0:0001 (a? — 202); 
unit 1 foot on each axis. we 


(i) State from first principles the value of ye at the mid: 
point C where «= 10. dx 

(ii) What is the value of y when x=0 ? 

(ii) Find y in terms of x, and then Boe v= 20 in fii result ; 
what should be the value of y ? 

(iv) What is the slope of the lathe at each of its ends ? 

(v) What is the sag of the lathe at its mid-point ? 
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28. A chain OA, 100 feet long, hangs vertically from O. Its 
weight per unit length steadily diminishes from O to A, and at 
any point x feet from O is (4 — 0:03z) Ib. per foot. Ifthe work done 


in winding it up on a drum at O is W foot-lb., then sili Le 4x — 0-032; 


find the routs done in winding it up. dx 


29. A stone is thrown horizontally with a velocity of 12 feet 
per sec. from the top of a tower O, 100 feet high ; Oz is horizontal 
and Oy vertical (see Fig. 54). If P is its position ¢ seconds 
after starting, and if ON=a feet, PN=y feet, then x, y obey 


the laws 7 =O; cL = = 32, neglecting air resistance. 


(i) Express x and y each in terms of ¢. 

(ii) Express y in terms of x. 

(i111) How long does it take to reach the ground ? 

(iv) How far from the foot of the tower does it strike the 
ground ? 

(v) What is the gradient of the path of the stone where 
it strikes the ground ? 

(vi) A man is standing on the ground 50 feet from the foot 
of the tower; where is the stone when it appears 
to him to be coming straight at him ? 

N 


x 


Fig, 54, 


30. An elastic spiral spring attached to A, and hanging verti- 
cally, supports a body at O. The body is pulled down 3” and 
let go. It now oscillates backwards and forwards. If its velocity 
is v inches per sec. when its distance from O is 2 in., v and x obey 


the law ee (fv?) = — 7a. 


(i) Find its velocity when it passes QO. 


(ii) How far must it be pulled-down in order to have a 
velocity of 2 in. per sec. when passing O ? 


31. The rate at which a body cools is proportional to the 
excess of its temperature above that of the atmosphere. The 
temperature of a body is 7° C. at x minutes past one in a room 
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of temperature K° C. Express the law of cooling by a differential 
equation. 


32. In climbing a mountain, the rate at which the atmospheric 
pressure p lb. per sq. in. decreases per unit increase of the height 
x feet is proportional to the pressure. Express this law by a 
differential equation. ' 


dy 


Notation. The relation 
dx 


form y=| f (x) da. 


In other words, | f(x)dz represents the function which when 


=f(x) is usually expressed in the 


differentiated with respect to x gives f(x). 
x! 


For example | 2tdx =a te, 
where c is a constant, because 

a ee + c) a 

dx\ 4 eRe 


AREAS AND VOLUMES. 
2 


meres 


Example IT. Figure 55 represents the graph of y= 
unit 4” on each axis. 


eo) 
8 
= 
= 
& 


If ON =x in., and if the area bounded by CO. ON, NP and 
arc CP is A sq. in., express A in terms of z. 
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With the usual notation 
5A represents the area bounded by PN, NM, MQ se are PQ; 
.. 0A > rectangle PNMR ; 


od > yox or ee: 
and 6A < rectangle SNMQ ; 


. 84 <(y+ dy) dz or S4 <y toys 


By Sy ae 
- ¥ Y ee a8 
aA ht 


> We ed Sage 3 


3 
eA = 75 +xz+c, where c is constant. 


But when x=0, the area A =0; 
c=; 


“. when dy 0 


Would there be any difference in the above argument if the 
graph sloped downwards instead of upwards ? 


Example III. Figure 56 represents the graph of y= He Ws Ul 


not drawn to scale ; if OH =2, OK =7, find the area péumaln 
by AH, HK, KB and the arc AB. 


B 
y 
P 
A 
C 
Ome Fe N Ko wae 
Fic. 56 


It is proved above in Example Il. that if ON=2, the area 


2 
MO NP aedereree +1; 
dx 5 


i 4=|(F+1)de 


3 
ag . +a2-+c, where c is a constant ; 
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*. the area of COKB= a 7+¢, 


and the area of COHA = 15 mya ; 


f AHKB a 
. the area o K =[a5t7]-[75+2] 


343 ee 335 67 
=p +5 =e toa t5= 27h 


Note the disappearance of the arbitrary constant c, owing 
to the subtraction. 


, ) 
Notation. 'The symbol | f(x) dx is used to express the value 


a 


of | f(x)dx when x=b minus the value of | f(x) dx when x=a. 
Thus 


i egos rad a un 22 343-8 335 
[a=[ S|, “Fi... go vege 


Bi 
and we often write if x?dxs 2) ; 


Looking back at Example III. we see that the area of 
AHKB can be written in any of the following forms: 


7 7 92 — 93 7 
| yae= | (F + 1) dz = js ae 


The expression | f(x) dx is called an indefinite integral because ~ 


its value contains an arbitrary constant. 
b 
The expression | f(x) dx is called a definite integral because 


a 


the arbitrary constant of integration disappears automatically. 


b 
Examples II., III. show that | f(x) dx is the area bounded 


by two ordinates «=a, x=b, the x-axis and an arc of the 
graph of y =f(x). , 
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EXERCISE IV. b. 


1. Fig. 57 represents the graph of y=a?; ON=z2; (i) find in 
terms of x the area bounded by ON, NP, arc OP; (ii) find the 
area AHKB, where OH=1, OK =2; (iii) express this area as a 
definite integral. 


gat dP 
O N x 
Fig. 57. Fig. 58. 


2. Fig. 58 represents the graph of y?=x; ON=2; find the 
area ONP. 

3. Interpret geometrically vada and evaluate it (i) by 
direct calculation, (ii) geometrically. 


4. Fig. 59 represents part of the graph of y=(x%-—1) (4-2); 
(i) find OA and OB ; (ii) find the area between Ow and the portion 
of the curve above Oz. . 


Fa. 59. 


5. Draw the graph of ae and find the area (i) between it and 


the ordinates x=1, x=2 and the x-axis; (ii) between it and the 
lines y=1, y=2 and the y-axis. 


6. If Fig. 57 represents the graph of y=xz*; prove that the 
area BLO is three times the area BKO. 


9. Find the values of 
2 
(i) [(a?-+5) de (ii) 


(in [io @-e) da (iv) [i a+eyan, 


76 CALCULUS fonaf. 
8. Fig. 60 represents a solid formed by rotating part of the 
graph of y=2? about Oz. 


ON =z, NP=y, OM =x + du, QM =y + dy, OH =}, OK =}. 
The figure shows cross-sections perpendicular to Ox. 


Fia. 60. 


V is the volume of the solid between O and the cross-section 
through P. 
(i) What is the area of the cross-section through P ? 
(ii) What is the area of the cross-section through @ ? 
(iii) Interpret my? 52 geometrically. 
(iv) Prove that x (y+ sy)". da > SV > ry?. da. 
(v) Prove that Varly 20. 


(vi) Express V in terms of «x. 


(vii) Find the volume between the cross-sections at A and 
B, and express it also as a definite integral. 


(viii) If the graph of y=f(x) is drawn, interpret geometri- 
cally | “ny? da. 

(ix) If the graph of y=f(x) is drawn, interpret geometri- 
cally ‘ Tx? dy. 


9. (i) Draw the graph of y=3a; take a point P on it and draw 
PN perpendicular to Oz. 


(ii) What solid is formed by revolving OP about Ox ? 


(iii) Find, by the method of Ex. 8, the volume of the solid 
between O and the section through P hed ori 
to Ox, in Sat of x. 


10. The graph of y=- is rotated about Oy; find the volume of 


the solid between two planes perpendicular to Oy and at distances 
1 and 2 from O. 
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11. Fig. 61 represents a section of a hemisphere of radius 
10 in., centre O ; ON=a in. 


Fig. 61. 


(i) Find PN in terms of x. 
(ii) Find the area of the cross-section of the hemisphere 
at N perpendicular to ON. 


(iii) Find an approximate expression for the volume of the 
hemisphere contained between two parallel planes 
at distances x and «+ dx from O. 

(iv) If the volume between the sections through O and 
through N, perpendicular to ON, is V cu. in., express 
V in terms of a. 


(v) Express as a definite integral the volume of the 
spherical segment between C and the section 
through N; and simplify it. 

(vi) Find the volume of the hemisphere. 


12. A basin is formed by revolving the graph of yaaa about 


the vertical axis Oy ; how much water is in the basin when the 
greatest depth is 4 inches ? [Unit for each axis, one inch.] 
13. (i) Sketch the graph of y= 4,(2x +3) (9 — 2x) from x=0 to 
X= 3, 
(ii) A beer barrel is formed by rotating this portion of the 
graph about Ox. [Unit for each axis, one foot.| Find 
the capacity of the barrel in cu. feet. 


14. (i) Sketch the graphs of y*=ax and «w?=8y for positive 
values of x. 


(ii) Show that they cross each other at the point (4, 2). 
(iii) Show that the area of the portion common to both is 


‘4 =, nk 
i ( Vo =) dx, and evaluate it. 
0 


15. If f= (1 1 dy, find the value of [ Fo)ae. [This 


may be stated more shortly as follows: find the value of 


ho f (2-4) au ae. 
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16. Using the notation explained in Ex. 15, find the value of 


| Fy a-wayae, 


2 
17. Show that [ w+) (w+8)de= | (c+1)(w+2)dxe. In- 
terpret this result geometrically. 


18. A lathe of length 10 feet is built into a wall horizontally 
at one end and is deflected by a weight fastened at the other end. 


The deflection at a feet from the wall is fr f(v).dv feet, where 
0 
I (v) =| 0:0005 (10 —u)du ; [or more shortly, 


hae 0-0005 (10 — x) du de}. 
Find the deflection (i) when x= 10, (ii) when x=5, 
19. A lathe of length 10 feet is supported at its ends and loaded 


at the middle. The deflection at x feet from one end is ‘i ‘ St (v).du 
5 
feet, where f(v)= | 0:0005w(10—u)du. Find the deflection at 
the mid-point. 
20. The moment of inertia of a cylinder, radius r in., height 
hin., about its axis is 2rph | x*.dx, where p lb. is the mass per 
0 


cu.inch. If the mass of the cylinder is W lb., express the moment 
of inertia in terms of r, W. 


21. The moment of inertia of a sphere, radius r in., about a 
diameter is 7p I (x? — w*)?dx, where p lb. is the mass per cu. inch. 


If the mass of the sphere is Me Ib., express the moment of inertia 
in terms of r, W. 


22. A plane area is enclosed between the curve y?=2az* and 
the line «=3. The distance of the centre of gravity of this area 
measured along the axis of x from the origin is given by the 


formula S = ie yx dx ihe y.dx. Kvaluate this expression. 


23. A solid is formed by the rotation of the portion of the 
2 
ellipse 5 xet +¥ = 1 lying between the lines x=0 and x=5 about 


the axis Ps «. The distance of the centre of gravity of this solid 
measured from the origin along its central axis is given by the 


formula S = ip Tey? dx = [ te da. | ja tophele® this expression. 
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24. A gas is compressed in a cylinder by a piston. If the face 
of the piston is initially a inches from the inside end of the cylinder, 
and if the piston travels forward until this distance is b inches, 


b 
the work done is — | OCC de ft.-Ib. If a=10, find the work done 


in compressing the gas to half its volume. 


25. A new cure for chilblains was tried on 8 people. It suc- 
ceeded in 5 cases and failed in 3 cases. The chance that it 
succeeds in the next two cases is 


1 1 
I x(1—2x) dx by xv>(1 —x) dx. 
Find what the chance is. 


26. Two points are taken at random on a line 12 inches long. 
The chance that the distance between them does not exceed 


12 12 
3 inches is [ (aw — 3) dx + i xdx. Evaluate this chance. 
J° 0 


27. The portion of the parabola y = }2? (the y-axis being drawn 
vertically downwards) above y=5 is taken and submersed in a 
liquid in a vertical plane with its vertex uppermost and 1 unit 
distance below the surface. Then the depth of the centre of 
pressure below the surface is 


5 5 
I, (1 +2)'Ve den =f (l+2) Va da. 
Evaluate this expression. 


28. The density of a spherical body of radius a feet varies 
directly as its distance from the centre. If p is the density (¢.e. 
the mass in lb. per cu. ft.) at the surface, (i) prove that the mass 
of the spherical shell whose inner and outer radii are x and «+ 8x 


: ! 4rpx* a 
feet, is approximately ek 6a lb. ; (ii) find the total mass of 


the body. 


29. The density of a chain AB varies as its distance from A 
(t.e. at a point x feet from A, the material weighs kx lb. per foot 
length) ; its length is 20 feet ; the lighter half weighs 30 lb. Find 
the weight of the heavier half. 


30. The velocity of a body after ¢ sec. from its start is v feet 
per sec., where v is a given function of t, viz. v=f (¢); (1) what 


meanings can you give to - | vdt? (ii) Given the time-velocity 


graph of a moving particle, how could you find the distance 
travelled in a given time ? 


31. Fig. 62 represents a mound with the rectangle ABCD as 
base and with its sides sloping up to the ridge HF, which is 
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situated symmetrically. AB=30’, A4D=18’, HF=10’; and the 
height of EF above the base is 12 feet. 


(i) Prove that the area of the section of the mound 
parallel to the base and h feet below EF is 


5h(h+6) sq. ft. 
(ii) Find the volume of the mound. 


A B 


D C 
Fia. 62. 


2 
32. (i) Sketch the half of the ellipse —t+y?=8! which lies 
between x=0 and x=18. 


(ii) This portion is rotated about Ox to form the explosive 
head of a torpedo ; unit on each axis, 1 inch. Find 
the volume of the explosive in the head. 


SIMPSON’S RULE FOR APPROXIMATION OF AREAS. 


PA, QB are the perpendiculars from P, @ to a line AB. 

AB is divided into any even number, say 2n, equal parts, 
and the ordinates 41, Yo, Y3, «+» Yan4i1 are drawn from each point 
of division and from the beginning and end of the line to the 
curve. 


Let h=—— 


Then the area contained by PA, AB, BQ and the are PQ is 
= Bh [Yr t+ Yang +2 (Ys + Ys + Yq +--+ + Yon) 
F4Yo+ Yet Yo t+ +Yon)]. 
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Evaluation of Definite Integrals. Simpson’s rule may be 
used to evaluate definite integrals, because, as we have seen 
(p. 74), a definite integral may be regarded as representing 
an area. 


10 
Example IV. Find the approximate value of | ~ dee 
1 


It is necessary to divide the interval x=1 to x=10 into an even 
number of strips. Take 12 strips so that the breadth of each strip 


10-1 3 


is ae must therefore find the values of 2 for w=1, 1%, 


12 
24, 34, 4, 49, 54, 61, 7, 77, 84, 94, 10. Time may be saved by 
using a table of Reciprocals. 

The work should always be arranged according to the following 
scheme : 


Values ofS. 
Even Other odd 
ordinates. ordinates. 
1 1 
ir 5) ‘5714 
2:5 -4000 
3:25 S077 Vl 
a he 5-94.68 
4°75 2105 9-18 
5-5 -1818 "1846 
6-25 -1600 9-2314 
7 1429 | 
7°75 -1290 
8:5 -1176 
9-25 | -1081 
10 J adel 
1-1 1-4867 1-:0923 
4 2 
5:9468 2:1846 


10 


~ dex} x 3x 9-2314-~ 2-308. 


1 


Note. Correct to 3 places of decimals, the actual value is 2-303. 
This would have been obtained if we had taken 20 instead of 12 
strips. 


D.W,C, F 
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EXERCISE IV. c. 


1. (i) Write down the values of x2? for x=0-1, 0-2,..., 0:9, 
and then use Simpson’s rule to find the area bounded 
by the aw-axis, the graph of y=az? and the ordinate 


through v=1. 
(ii) Evaluate this area by calculation. 


2. (i) Draw the graph corresponding to the following table of 
values : 


age He 5 eet | 8) Oe 


ga | Pr lene 11 | 15 8| 21/18/14] 6 | 0 


(ii) Find its area by “‘ counting squares.” 
(iii) Find its area by “‘ Simpson’s rule.” 


8. Draw a semrcircle, diameter 10 cm., and find its area 
(i) by Simpson’s rule (ten strips), 
(ii) by formula. 
Give the approximate error per cent. of (1). 


4, Find the area bounded by the graph of y=—, the x-axis, 


and the ordinates «=5 and x=10, by Simpson’s ives 


Assuming that the area is 41-6, find the approximate error per 
cent. 


5. The velocity of a train after leaving a station is shown in the 
following table : 


i timer iy 
minutes - | 0 | 2 4 6 8 10°) 12) 14) 1bSaiSeeco 


v speed in 
yards per 
minute - | 0 | 50; 110) 160| 230/ 290) 360 | 410| 470| 530) 570 


Find in miles the distance travelled in the first 20 minutes, 
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6. In finding the volume of earth in a cutting between two 
sections A and B, the following measurements were obtained : 


Area of section of cutting 


Distance from A in yards. in sq. feet. 


At A - 0 2000 


8 3000 
12 3420 
Us 3900 
24 3900 
30 3700 


(i) Represent these results graphically. 


(11) Find the volume of earth in the cutting in cu. ft. by 
Simpson’s rule. (C.S.C.) 


7. The speed of a car. v miles per hour, was noted at intervals 
of 12 seconds over a period of 2 minutes. 


| 


Time in seconds 
= Oe L224 36 48 60 | 72) 84 | 96 | 108] 120 


Us 5 | 3 | 2:5 3 | 5-7 10-3 | 14 10:5 | 5-6 2 0 


Find the distance travelled in feet. (C.8.C.) 


8. Use Simpson’s rule to find an approximate result for the 
volume of a hemisphere, radius 10 cm., taking sections parallel 
to the base of the hemisphere. Compare this with the result 
given by the formula 277? for a hemisphere. 


9. (i) Sketch the graph of y=log x from x=1 to w= 10. 
2 
(ii) Interpret geometrically / log x. da. 


(iii) Use Simpson’s rule to find an approximate value of this 
definite integral. 


10. By using Simpson’s rule, find an approximate value of 


[pvT+a* da. 


REVISION PAPERS. | L. 1-10. 


L. 1. 


1, Find correct to two significant figures the value of x for 
which Va — x! is a maximum. 


2. (i) Solve Lee Niles, given y=1 when x=1. 


da 
2 

(11) Solve owaoe given y=4 when w=} and y=-2 when 
w=—4 


1. 
: 4 3 ee i 
8. Find the values of (i) [ (50+ 2) dx; (ii) Ga °+ a) dx. 
4, (i) If a sphere of radius a in. contains water to a depth of 
x in., the volume is if a(2ax—2*) dx. Simplify this 
0 


expression. 

(ii) Water is poured into a spherical bowl] of radius 5 in. at 
the rate of 4 cu. in. per sec. At what rate is the water- 
level rising when the depth is 3 inches ? 


5. Fig. 64 represents the time-velocity graph of a train. 
Construct the distance-time graph and write down the dis. 
tance travelled, (i) at the end of 15 minutes, (ii) in the whole 
journey. 
84 


REVISION PAPERS 85 


Dae 


Aes . a ; PARE ibic et: 
1, Simpufy (i) 5 (v+2)(x— 3) ; a xy=6 ; 


(iti | («2 ut =) dx ; (iv) ip cs 1)2 dx. 


2. The horizontal cross-sections of the crater of a volcano are 
circles with their centres on a vertical line, the radii of the circles 
at different heights are as follows (measurements in feet) : 


Radius -|{ 0 | 17 | 24 | 27 | 30 | 35 | 41 | 52 | 65 | 78 | 94 


Find its volume in cu. ft. to two significant figures. 


3. Two points A, B at the same level are 200 feet apart. A wire 
fixed at A, B carries a heavy weight at its mid-point O; the 
portions AO, OB may be taken as straight, but the length of the 
wire varies with the temperature. When the wire is 2s feet long, 
the depth of O below AB is y feet ; when the length is 2(s+h) feet, 
the depth of O is y+k feet. (i) Find a relation between s, y ; 
(i1) find a relation between h, k, s, y; (iii) find a simple form. of 


this relation when h, k are small; (iv) find an expression for dy 


ds 
in terms of s; (v) if the wire stretches from 210 to 210-1 feet, find 
approximately the increase in depth of O. (C..G7} 


4 
4, Interpret geometrically | (27+3)dx; evaluate it (i) by 
1 


direct calculation and (ii) geometrically. 


5. The volume of a bowl of depth x cut from a sphere of radius 


ais 7 | : (a?—x*)dx. Compare the volumes of two bowls of 


a—-xz 


a a 
depths 3 and 3° 
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Lis: 


1. The work done in stretching a spring of natural length 
6 


a inches to a length 6 inches is “ | (c—a)dx foot-lb. Find the 


work done in stretching the spring from its natural length, 10 | 
inches, to a length of 14 inches. 


2. A particle projected in a resisting medium finally comes to 
rest. It travels s feet in ¢ sec., where s=50i-}t8. How far does 
it go before stopping ? 


8. Four rods each of length 10 cm. are jointed together at their 
ends to form a rhombus ; if the length of one diagonal is x cm., 
express the area of the rhombus as a function of x, and find (i) the 
value of x for which the area is greatest, and (ii) the maximum 
area. 


4, The distance of the centre of gravity of a circular cone of 
height / in. and base-radius r in. from the vertex is 


h 
| aruy* dx 
0 


h 
2 , 
[ wry? da 


r ; : 
where Y=zv Evaluate this expression. 


in., 


5. A body moves along a line OA towards O in such a way that 
its velocity at any point is proportional to its distance from O. 
Its velocity at A, where OA is 30 feet, is 12 feet per sec., and ¢ sec. 
after passing A, its distance from O is x feet. Find a differential 


he de 
equation connecting x and ¢, and express “sia in terms of x. 
be 4, 


1. (i) Sketch the graph of y=(l-a)(~-—5). Calculate the 
gradient of the tangents at the points where it crosses 
the v-axis, and find where the gradient is zero. : 

(C.S.C.) 

(1) Find the area of the portion of the curve which lies on 
the positive side of the a-axis. 
2. If a force of P lb. acts on a body for ¢ sec., the impulse given 
t 
to the body is i P . dt |b.-sec. units. Find the impulse given by 
a force which acts for ¢t sec. and is such that P=6— 2t. 


3. If the graph of 2?=5y is rotated about the z-axis, find the 
volume of the portion between x=1 and a=4. 
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4. In Fig. 65 the dotted line is a time-velocity graph and the 
continuous line is a time-distance graph. If the units are properly 
chosen, can the two graphs both refer to the same motion 1 
Describe the motion in general terms, the time shown being 
35 minutes in each case and the maximum velocity 30 miles 
per hour. Find the distance gone after 14, 28, 35 minutes. 


Time 


FIG. 65. 


5. A weight hangs at the end O of a spiral spring: it is pulled 
down a certain distance and released, and then oscillates back- 
wards and forwards. [If its velocity is v inches per sec. when its 
distance from O is x inches, the differential equation of the motion 
is © (v2) = -F0° (i) If it is pulled down 5” and released, find its 
velocity when passing O ; (ii) how far must it be pulled down to 
pass O with a velocity of | inch per sec. ? (iii) with the data of 
(i), find an equation expressing 6¢ in terms of x, 6x, and write down 

the integral which gives the time of a complete oscillation. 


L. 5. 
1. The moment of inertia of a spherical segment, radius r in., 
height h in., about its axis is ™@/" (ra). de, where d is its 


density. A sphere of radius r is cut into two segments by a plane 
dividing a diameter in the ratio 3:1. Compare the moments 
of inertia of the two segments about their axes. 


2. A piece of wire two feet long is cut into two parts, one of 
which is bent to form a square and the other an equilateral 
triangle. If the sum of the areas is a minimum, find the side of 
the equilateral triangle. 
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8. (i) For what range of values of w is 2a3-9x* a decreasing 
function ¢ 


(ii) Find a minimum value of this function. 


4, If a triangle, base 6 in., height h in., is immersed in water and 


held in a vertical plane with its base in the surface, the depth of 


h Se 
the centre of pressure is given by by Y Jy +g Oh Simplify 
this expression. : : 


5. Fig. 66 is a perspective view of a piece of steel formed by 
two cylinders of radius a, whose axes are horizontal and cut at 
right angles. A horizontal plane is drawn at height « above the 
axes ; what is the shape of the portion of the plane which lies 


inside both cylinders ? Prove that its area is 4(a?-2?). Hence 


prove that the volume common to the two cylinders is ee a’. 
(Trin. Coll.) 


Fig. 66. 


L. 6. 

1. Find the radius of a cylinder which is cut from a cone of 
height h in. and base-radius r in. if (1) the volume of the cylinder 
is a maximum, (ii) the total surface is a maximum, given h> 2r. 
3 
6 
x—2 is rotated about the x-axis so as to form a surface. The 


2 2 
area of this surface is | 2ry/ [ 1+ (22) | .dx. Evaluate this 


expression. 


2. The portion of the graph of y= 


2 
8. The differential equation of a graph is oh 4 62? the 


graph cuts the x-axis at the origin and the point (2, 0); find the 
value of y when «=1 and the slope at the origin. 
4, The gradient of a curve which passes through the origin is 
sels gt 
given by the equation = 2%(1- 2) ; find the area between the 


curve, the «-axis and the ordinate v=1. 


] : 
toe lying between v=l1 and . 


a 
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5. If a gas occupies v cu. feet under a pressure of p lb. per 
sq. inch, where p. v!”=300, the work done in expanding from 


v, cu. ft. to v, cu. ft. is i p .dv ft.-lb. ; find the work done in 


expanding from 5 to 8 cu. ft. 


L. 7. 


1. (i) Sketch the graph of y=a(a-1)(~—2) for values of 2 
from —1 to +3. 


: 

(ii) Prove that i x(~—1)(x—2)dx=0, and interpret this 
result geometrically. | 

(iii) Find the minimum and maximum values of y. (C.S.C.) 


2. If a force of P lb. acting on a body moves it s feet in the 
direction of the force, then the “work done” by the force is 


i P .ds ft.-lb. Find the work done by a variable force P=3s+ 2, 
which moves a body 10 feet. 


38. A train runs from stop to stop in 10 minutes, and its speed 
is as follows : 


mye nutes, | Olean aitea le ch | 6:lov.| eo ito 


Speed in miles per hr. | 0| 12| 24| 36| 44) 49-5 | 51} 50 4s, 31/ 0 


Use Simpson’s rule to find the total length of run. (C.8.C.) 


4. (i) At what point on the graph of y=2? — 2z is the gradient 1, 
if the unit for each axis is 1 inch ? 
(ii) How is the answer to (i) affected if the unit for the 
x-axis 18 1 inch and the unit for the y-axis 2 inches ? 


5. If the graph of y=f(x) passes through the origin and has 
a maximum at «=1 and a minimum at x=2, but no other turning 
points, and if the slope at the origin is 1, find a value of f(z). 


L. 8. 
1. Given y=(x-1)®: (i) find the value of o when v=1; 
(ii) find the sign of when x=0:9 and when v=1-1; (ii) Is v=1 
2 


a turning point of the function (w— 1)? ? (iv) find the sign of va 


when «=0:9 and when w=1:1; (v) sketch the graph of (x-1)° 
from x=0 to x=2, and explain the geometrical interpretation 
of results (i) to (iv). 
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2. The cubical elasticity of a gas whose volume is v and pressure 

4 d ; : oe ; 
p is measured by — oe . Find the cubical elasticity of a gas for 
which p . v'4%=c, where c is constant. 


8. The portion of the curve y=2?+1 between r=0 and x=2 
is rotated about the z-axis to form a solid of revolution. The 
x-coordinate of the centre of gravity of this solid is 


2 
| (x? + 1)?x dors | (a+ 1)? dx. 


Evaluate this expression. 


4, If a horizontal circular disc of radius 4” is under the influence 
of a unit charge of electricity at a point 5” from and vertically 
above the centre, the density of the induced distribution at a 

3 1 
Qar® * (42+ 25)/16— x? 
units per sq. in. For what value of x is this a minimum ? 


point on the disc x in. from the centre is 


J =] and that when z=1 Ge 


5. Given mod es i 


age 
y in terms of x. 


/_1 and y=2, express 


L9, 


1. The distance of the centre of gravity of a uniform hemi- 
sphere of radius a from the centre of the hemisphere is 


[x(a x le dar [ma x7) da. 
0 
Evaluate this expression. 
2. Sketch the graph of yaa ; mark the point P(2, 4) on it; 


and draw the tangent at P baci the x-axis, Ox, at JT. Find 
(i) the gradient of PT, (ii) the length of O7'. 


3. Interpret geometrically the expressions, 


: 1 me 1 
(i) [ae: (11) [ x. ade, 


and evaluate them. 


4. If Pills and y=49-—a?, express 6z in terms of y, dy, and 
express dy in terms of z, 6”; hence find 6z in terms of x, 6x, and 
d 
deduce the value of Ae ( nea 
5. Sketch the graph of (v—2)(5-2x), and find the area of the 
portion of it which lies above the x-axis. 
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L. 10. 


1. If a rectangle of height a in. is immersed in water with its 
plane vertical and its upper edge h in. below the surface, then the 
depth of the centre of pressure below the surface is 


Hi Be h)*de i Lisl yh 
Simplify this expression. 


2. A glass is so shaped that when the depth of liquid in it is 
x inches, the volume of the liquid is 34,74 cu. in. ; water is poured 
into it at the rate of 2 cu. in. per sec. ; at what rate is the level 
rising after 3 seconds ? 


2 
8. Given Baume) and x=0 when y=0, and x=2 when y=2, 
dx? 


find a when x=0, and express y in terms of w. 


4, (i) Sketch the graph of ey=4+4+ x. 


(11) At what points on this graph is the tangent parallel to 
the x-axis ? 


5. The weight per inch length of a rod AB varies as the cube 
of its distance from A ; the rod is 20 inches long and the weight 
at B is 5 lb. per inch length. Find (i) the total weight of the rcd, 
(ii) the length of AC if the portions AC, CB are of equal weight. 


a t 
KA ji vA " oe 
Be eT , A aad ae 
r at oo UT Cif Pas ee eh ay i fh 
hh aa 


Re Win eee) UN ek ee ae 


ANSWERS. 


EXERCISE I. a. (p. 3.) 
alae beet. — 4); (i) 3-24 or —1-24; | (ii) 3-242 S Tee 
(iii) 5, 2=1; (iv) 2:87 or —0-87; (v) 2, 2°73 or —0-73; (vi) 3-45 
or —1-45. 


, 42, 1-8, 0-2, —0-6, —0°6, 0-2, 1:8, 4:2, 7-4; (i) 0-82 or —1-82; 


(ii) 0-382>a> -1-82; (iii) —0-7, e=-0-5; (iv) 1:56 or —2-56; 
(v) 4, 0-8, 1:44 or —2-44; (vi) 0-62 or —1-62. 

1:15; 0308; 2>x7>0 and < -2; 2:214, —0-539, — 1-675; 
(a) and (b) 2-115, —0-254, —1-861; (c) 1-861, 0-254, — 2-115. 

-—9-6, —3:°6, —1:2, -1:2, —2-4, -—3-6, -—3-6, —1-2, 4:8; (i) 4:27; 
(ii) v> 4-27; (iii) —3-83, x =2-53; (iv) —0-974, x= — 0-528; (v) 4-52; 
(vi) (a) 3:78, 0°71, —1:49; (6) —2°31; (c) 4-62; (vii) 3, 2, -2. 

1, 1:62, —0-62; 2-20; 0-66. 6. 2-11, —0-25, —1-86. 


Wah ARS Ze) 


mits: Co dnd «<1. 2. No. S202 he et ee, 

BO 4, —2);) —--0, — 2, ae | OlOn ti — LOO ee O15 

. Small, positive ; small, negative ; large, positive; large, negative. 

. »/(25 -2x*); circle, centreO; +4+/(25 - 2°). 

. Yes, 2:0], 1999, 1; 2>a2>1;-no, 1002, —998. 

. 13,4; e>4and3>2>1; 378,-—12, —2002; yes, eg. 104. 

. Yes, eg. 2-999 and 3:001; no; 1,5; 0-3, 0:3 per cent. 

. 98, —102, -—6, -—201, 199; small, 0-000001; -0-000001; 3>a>2 


and 1>z. 
ace (p.. 12.) 
y =4(x +4). 2. y=/ (8x - x”). 3. y=~/ (8a — 16). 
3 
y= (6-2). &. 2=+/(4e -2?) ; y= NF 


y 
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. 
abx 
6. y=4$/ (9 - 2”). 7. 2(1—x)(38"-1). 8. Y =e 
Ch | a _ (by +az) Oe 15 
9. y=—v(d — x"), 10. odin OPE 0h a 11. V=0-0293 Al, 
12. (23 ~1). 
I.d. (p. 14.) 
1. 3, 2, 3, 4a? +2, 5°+2. 2. 10, 100, 1, 0-1, 107%. 
8. 3, 0-301, 1-301, 0, 3logz. 4. 3, (w+h)? — 3(@-+h) +5, 245. 
. 1 2 
5. 2vu+h+3; 2x+3. 6. 1, Tare -1. 7e ee Tage 
8. 2%, 2h’. 
I.e. (p. 15.) 
1. 6,3, —2, —44, 2, —3, 2c+2, yes, no. 
2. 2, 34, 44, —5, 3, 5, 3 2 » yes, yes, no. 
3. 6, Ge, #; eae) 2(a+h)+2, 2. 4. 5, 1-05, a+Hh. 
5. 5,5, -1; 8, —7; l or 3, 6 or —2, 2 (twice); 1:9, 2—-h, 4-2a-h. 
: ne : 36h 36 
6. (v) Circle, centre origin, radius 5. 7. 12,9, -—3; Valace a S alacp his 
8. 0, -2,05 f(5), f(-5). 9. f(a), f(ath), Bia 
iaen (p.21.) 
1. Yes, e.g. 3000; no; 2. et ano. os 
8. 0-490, 0°:4975 ; 0:5; no. 4. Approx. 0:09, 0-01, 0-001, 0-0001 ; 0 
Bold. 6. 1:5, 1:67, 1:91, 1:99; 2; no; 0-9991 <2 <1-001. 
7. 4(h?+3h+83), 1-5. 8. 16(2+1), 16. 9. 5-25, 5 —2a, 2-5. 
1] n 50(m—-1) © 
10. -4, on? +2. 11. 3? 4. 12, ioe 50, 50. 
(n +1) (2n +1) nm—1)(2n-1 
13, pb yg, SOE asd. 


ANSWERS iil 


II. b. (p. 26.) 


1. 70; 250; 1890 to 1900, 390. 
2. - he —, y —x miles per min, 
8. 8-4, 24-9, 27-3, 29, 37:2 m.p.h. 
4. 1-5, 2°6, 2-25, 3-2, 1:3, 2-4 ft. per sec. 
5. 0-3; 1:8; 3; 2-4, 1-2 tons per in. 
6. For ¢=0, 5, 10, 15, 20, 25, rate is 1-76, 0-88, 0-43, 0-21, 0:11, 0°05 cu. ft. 
per sec. 
II. c. (p. 30.) 
1. 0:47, —2:9, 0. 2. 0-021, —0-020, 0-021, 0-009, —0-0077. 
4. 0-93, 0-38 ins. Beda osnae 6. —5. 7%. O-6. 


8. 3 ft., 3 ft. per sec. ; 12 ft., 6 ft. per sec., 9 ft. per sec. ; 13-23 ft., 12:3 ft. 


per sec. ; 3(2+h)* ft., 12+3h ft. per sec.; 12-3, 12-03, 12-000003, 
12 ft. per sec. 


. 144 ft., 48 ft. per sec. ; 64 ft., 80 ft. per sec. ; 134-56 ft., 94-4 ft. per sec. ; 


16 (3 —h)* ft., 96 -16h ft. per sec.; 94-4, 95-84, 95-999984, 96 ft. 


per sec. 


10. 32 ft. per sec. -11. 32a ft. per sec. 
12. 23; 3h2+17h+23; 3h4+17 ft. per sec. ; 17 ft. per sec. 
18. 3, 2,0, —2. 14. 0:15, 0-18 cm. per sec. 
15. 4, 6-h, 12 -2a—-h, 12 -2a, 6, y=12x - 2”. 16) (.0°1) 55) = 125: 
17. =4, “ee 18. 6c’. 19. 3, }. 20. m. 
21. 4a+0. 22. 2ax,+5, cee. 24. 22. 25250; 
III. a. (p. 37.) 

et 0 02,0 Q.\ Beda + (02)*,\ 2a. 

8. 10x. dx —36x +5 (dx)*, 10x -3. 4, (l+x+4+6x)?, 24+2. 

5. 1422. 6. 2a, 6x, 14x, 2002. 

Teboe, 1207, Loe! 8Tx: 8. 122°, 402%. 


9 


- 


3524, Sat, 10. 4425, — 6x5, 1 — 1228, 
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lV 
(a + da)” — a” a 
lie Ae ei: 12. 3277+42, 6x 4+32", 2424. 
6z—>0 dx 
13. 3u+5v. 14. 3, 5, 30%, 8, no, yes. 
15. Yes, yes, no, no. 16. 3 xe =nznr-l, 
ar Se d Ie ad d 
17, = (cx) =¢ 5 (2”). 18. 5-(Aa™ + Bur) =~ (Aa™) +7 (Ba), 
20. The differentials of «8, 759, 2-1, 2-3, x, x°, x2, a®, a-®, x-™ are 8x7, 502%, 
—a-%, —3a-4, 1, 0, 8a%, 3x72, —4e72, —ma-™-1, 
21. 0-41. 22. -—x.- 28. 0:331, 0:030301. 24. 0-008. 25. —20. 
II. b. (p. 41.) 
1. Tx? 2. 30x2, Bie aimee 
x x 
ees pees 7. 6x —2 8. x 
x x 
9. 524 10. 3752°. 11. 2n-2 12. aay: 
«x 
3c b 
a1 ded cee ° 
13. a 14. axz—*, 15 a 16 37x 
17. B/x i 19. 0 20. 4a! 
2x2 
10 ‘ 
21. 2a? -2. 22. go- ze 23. 21a? —-2. 24. 412. 
6 
25. 1209-44, 26. 2028 + 62-54. 
9 
27. 3a2+4¢4+1. 28. Qa ee : 29. 2nx2n-1, 30. —kx-*-1, 
31. 6. o2. 6. se. 1, 2. 84. 422. 
35. Fie 2, 39. 68,100; —32, —32. 40. 392z7, 39227. 
41. 12+202, 5, 2(3 + 5z)?, 60+ 1002. 
42. 446224324, 2a, 2+40? 4324425, Sx +1203 + 625, 
43. p. 44. 425. 
III. Cc. (p. 44.) 
1. Decr., incr., — , +, yes. 2. Incr., incr., -+-,9--, nos 


Incr., incr., iner., decr.,.decr., +,+,+,—-—, —, yes. 


Max, C; min, A, £#, 6, Max.; decr., decr.; -—,—, 


7. Min.; incr.,incr.; +, +. | 8. No; decr.,incr.; —., +% 

9. No; incr., decr.; +, -. 10. +,-3 -,+3 -,-3 +, +. 

11. Yes. ff ee yo SA ee nial 

15. AB 52 453..2BO-+5)+ -3 OD = .:- 432> DE tsa, 4 
EF -,- +. 18. 1. pals. 52 

II. d. (p. 50.) 

1. x=1 min.; x= -2 min.; »=0-4 max.; r=1 min., x= —1 max.; none; 
Ed ming. not #= 03; 2= 1 min., w= -} max; 253 
min., tt max. ; none., ite 

2. 40,000 sq. ft.. 3. 2cu.ft.. . AA fhe ee) ) Bs, Sure 

6. 80,000.sq. ft.; '7...134 sq. ft. - 8. 12 knots. 9. 104-sq. ft. 

10. 12 hrs. “Utes l8ichiins. °°! 12. 0°927. « 13. 8 ft. 
14. 2°55 cu. ft. 15. 4-ins. from top. “16. 3 ins. 
17. 0-184. 18. 8, 4 ins. 19. 4. ne 20. 1-5 ft. 
22. 12 cu. in. 28. 1-68 in. 24.31}. 25. 4. 
26. ot Q7. 4/2. 28. 8-16, 7-07 in. 
44 2h? 
29. On BA produced, PA=3 in. 80. ea 500, 707 yds. 
81. 42(a —22x)(b—2x), 1-27 ins. 
IlI.e. (p. 54.) 

1. 5(dx)?, 3a(dx)? + (dx)8. py Py ee dx +4(5x)?, A =42?, $(5z)?. 

8. 2mr. dr, 0-63. sq. in. 4. 0-126 cu. in. 

5. 8t(10 — 0-642), 0°76 ft. yi mn Sp. 

7. by =~ . 62; length of wire increases 0:05 in. 8. 540 ft. 

9. 210 sq. yd. (f° 101 om at (1 -R)> — 0-12 tons. 

VW. SAS ar Sen 1 eh 19. bade. Ber 
18. 6V =7y. dy. « 14. 6V=n(2ax —x?). dx, 
15. 3. dc; 15(1+3x)*. dx; 15(1+3z)é 


ANSWERS: 


DP WVie Or G 
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x. 6x 
16. oe Meeruan. ox oY = en was: 
17. dy=>3(a3 — x +'7)2(8z*?-1). d¢; 3(a? —a +7)2(3x? -1). 
we — OR da 6 du dy 
18. Y= Gz —5)8° ~ (82 —5)5" 19. dw=2y. dy; ag Vda 


dV dr 
aS 2 eo ae + peat 
20. 6V=<4arr?. dr; j =4nrr i 


III. f. (p. 57.) 
1. 0-12 cu. in. per hr. 2. 1-5 in. per sec. 
3. 0-637, 0-326 in. per sec. 4. 12 ft. per sec. 
5. 0-057 Ibs. per sq. in. per min. 6 
TIDE RSP, 3 8 


. 0-31 in. per sec. 
. 0:96, 0, —0-96 sq. in. per min 


9. 0:00133 in. per min. 10. 0-242 in. per sec. 
11. 0-286 in. per sec. 12. 1:39 sq. cm. per sec. 
18. —0-665 mm. per sec. 14. 1-00564. | 

15. a — k(30 - Q), where & is a constant. 


K.1. (p. 60.) 


1 
1. goo as, about 0-03. 2 27+4, innit 8. —2, 3a?-5. 


5. yy =2axr+a*, y=+/(2axr +a"). 


Ky eon (p-.0ls) 
Maas ee LT ®. 4~Gr, 4—6x, 4-6r, $+42, - 2, -5. 
’ ’ ’ ’ > ae Va 
8.18; -§,4. 4 y=3r-8. 5. O-578I. 


K. 3.. (p. 61.) 


1. 8x a » 48x? — 8a +2, Sa - da’. 2. 3a%-12a-15; 5, -1. 


3. 18, 66 ft. per sec. 4. —=- 5. 12. 


— 
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K. 4. (p. 62.) 
2a | 3 Seale 2 
“(@ap 2. =: WE per 2a — 3" 


0; 24/3) one, a =h(15 6). 


K. 5. . (p. 63.) 


< es : 9 
lL. (ii) — 20000. (iii) No. (iv) 3-000. (v) (x —1)(a—) » 3 
2. (ip te ae 12:52. 8. 327-27; +3; 54, —54, 
4. Grows lighter and weight vanishes when #=7°5. 


5. 24+3+h, 2, 2x +3, 2. 


K. 6. (p. 63.) 


1. Not if'z=1, no, 2. 2. x=1 (min.), x= —3 (max.). 
4. 42 —2*, x=2. 5. =k. 6. 

K. 7. (p. 64.) 
1. —3- 62%. 2, 4 =2(e+5). 

t 

4 

8. ha W200, ga q/(MA ZO, tt), 230 sq, ft, 6-46 ft 
Tr r 

4. 81, 0. ; 


5. dy=4a.dx+2.(dx)?; d2=3.52; dSy=12(3824+1). 6z2+18.(62)?; 12(3z +1). 


K. 8. (p. 65.) 
1. 2 (min.), —2 (max.). 2. $. 
. 9u*-—7, 182%; 10x, 10; 7,0; 0,0; ome 


a ee 
pr rg 


+125. 5. 60x —2x*, 9-55 in. 
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oP 0 


| 
. £4/(25 — 2), 124 sq. cm. ie 3. xb 1000, 300° 


. Each 0-43 


“ 65.) 
a 


dy | d*y 


any tote) 9 ts pe VA Le | +» +. 5. 0:87 cu. ft. 


K. 10. (p. 66.) 
0:00101, 0-00107, 0:00112; 0-00107. 


re, 2.2/2 4 
20 + a? SNe 3. 12:3. 


. Positive if 0O<z <4: 76, increasing ifa<3; r=3. 
. 8 ft., 48'sq. ft., 256 cu: ft. 


K.11. (p. 66.) 


. 3400, 3564, 3417-84; 164, 178-4; 180-16h; 180 ft. per sec. 


d 0-43 | ‘ 
ae lon ae TEA in 4. 4. 5. 8 in. 


K.12. (p. 67.) 
5 Ero 


peo vec 1. 2. ok when y= +10. 


on +h —3, 22-3, 1:5. an 


ete Ear 
18 371-2,9-— 1:2. 3230 (min.), —30 (max.). 


IV. a. | (p. 69.) : 
y=x'+e. 2. (ate sane 
oY 20, parallel curves.. 9 °4 y= ,at+axr+06.. 
y=is* +c 6. y=2? -2? +0. 
y=4r+e. . & y=ar+b. 
5at, y=105 +c, y=Sa5 +. 10. 82’, Y= ie tos ie 2% +¢. 


1 1 4 4 


af ee ee 3 
etme Mmmm s/he 1. ct team Gait Y= a4 pte. 


1 


. 7g.) = 2N ERGY tree 3 C- 14. y=$a3 — $2?4+9r+0. 


‘ANSWERS ix 
| | 1 
15. y=}2* - 423432 +0. 16. Yate — sate. 
- ¥= = | y= Bie 5 
17. y=420? +¢.. 18. y=. - ie 
19. y=}03 — $0? +6r+0. 20. y=pyr* — 40% +0040. 
3 9101 _ 5 —— 
oh. Y= Tol” 992% +¢. | 22. c= —-1. 
28. s=12+50t — 1602. 24. s=3h+5t+8. — 
25. 165 ft. (26. yaa? —2 +3. 
a7. 0; 05 yar ladle 220 - 2)(40. nig 2) 5 voy =a 5 im 
28. 10,000 ft. Ib. Oo tam 
29. 2=12t, y=168 5 y=427;.23-sec.; 30 ft; 22;.2=10, y=192. 
30. 2 in. per sec., 8 in. 31. Be 2K T): 32. i — ap. 
da dx 
IV. b. (p. 75.) 
“1. 42%, 24, i ” Pda 2 an, 3. 4. 
ak 
4. 1,4; 42. 5. 4, 0°83. PRG eaieae Mee 
8. ry", w(y + dy)”, drra®, 0-148. 9. Aya. 10. 1-57. 
11. 4/(100 —x*), (100 —22), (100 — a?) . da, (100% — 42), 
3 (2000 — 3002 +2), 2090 cu. in. 
12. 47-4cu.in. 18. 142cu.ft. | 14 22. 15. 23. 
16. 0. 17. Each=8§. 18. 2,§ in. 19. 1-56 in. 
20. 4Wr'. 21. 2Wr. 92. 24. pap ges 
94 210 ftulb, «95... =. 26. 425. 27. 4%. 
28. pa’. 29. 90 lb. 31. 2520 cu. ft. 32. 3050 cu. in. 
IV.c. (p. 82.) 
Peed, 4. 2. 120-2, 118-7. 
8. 38-687, 39-270; 1-4 per fonts 4, 41-59, 0-02 per cent. 
5. 3-28 mi. 6. 105 x 3-040 cu. ft. 7. 1030 ft. 
8. 2094, 2094 cu. cm. 9. 0-1678. 10. 127:5.. 


x CALCULUS 
L.1. (p. 84.) 
1. 0-26. 2. y=432 428 +7), yada 14+. 
5, ae. «eee 
3. 3% ye 1% pont 
4. mx" (a - 7), a =0-0606 in. per sec. 5. 4800, 29500 yds. 
L. 2. (p. 85.) 
Ba J 
1, 22=1, aes? e058 22. 2. 10°x 7:09. 
« s . 
3. ky =hs,7 73-1000)’ 2 in 4, 24. 5. 135: 64. 
L. 3. (p. 86.) 
his 2. 333% ft. 3. 5 v (400 — 2), 10/2, 100. 
da 
4. 2h. 5. = - 0-42, 0-162. 
L. 4. (p. 86.) 
1. 4, —43 2=38; 4103. 2. 6¢-#? Ib. sec. 
10247 
3. 25 ——— = 25°7, 4. Yes; 6160, 18480, 21560 yd. 
5. 1:12 in. per sec., aie af Nga oa) dz. 
Tse P. of) 
1. 459 : 53. 2. 4:52 in. 3. O<r <3, 27; 
4. th. 5. A square 
L. 6. (p. 88.) 
2a a 479 | 
1; ey. 2h —r) in. 2. 6 Sa ae 23. 3. 1:5, $ 
4. ae 5. 651 ft. Ib. 


+. +=V5 — 40-385, 2. 170 ft. lb. 3. 5-79 mi. 
ar 3, =e Seer 5. ay (20% - 9x +12). 
L. 8. (p. 89.) 
2.05 oy PERG st. 2. 1-408p. 8. 455=1-50. 
» 4/21 =1-53. 5. y=4(G+80+3 
L. 9. (p. 90.) 
3a Tr 
ee 2 -1,3 8. 4, 5, =0:916. 
4. dz -—L, dy - 2v de, 5. 44 
y (49 —22)# 
L.10. (p. 91.) 
2(a? + 3ah + 3h?) Raney 
1. ~ ala noni 2. p 232 in. per sec. 
3. 0-8, y=, (16a + 10x? — 2°), AOS 4) so (2, 4): 
5. 25 1b.; 16-8 in. 


ANSWERS 


L. 7. (p. 89) 
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